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PREFACE. 


Iiiiportant. i>vo>¥ress has been made during' recent years in 
the theory of linear ditference ecjuations. r’revioiisly the. 
development of this subject had lagged far behind . that ()f 
th(‘ related field of linear differential equations, as a result 
of e.ertain intrinsic, difficulties which called for tin* introduction 
of new ideas and methods. The first of these new ideas 
was that of asymptotic, representation, which was developed 
by Poincare and applied by him in 1885 to the study of 
difference equations.* About 1910 effective methods of 
attack were devised almost simultaneously by Niirlund in 
Denmark, Carmichael and IMrkhoff in this country, and 
(lalbrun in France.t 'I’hese four mathematicifvns all succeeded 
in proving in different Avays the existence of analytic solufions 
of linear homogeneous difference ecjuations and studying their 
properties. Since then ('onsiderable further work has been 
done along the same lines both by these and by other 
investigators. 

Up to the i)r(isent time no attonpt has been ntade to 
provide the student with a convenient introduction to this 
new field, in which so many problems still await solution. 
The only book which deals with the theory from the modern 
standpoint is the recent one of A’iirlund;| while this is of 
great value to the advanced student in furnishing a general 
view of the literature of the subject, its failure to give a 

* Amer. Journ, Math.. 7 (1885), pp. 203-258. 

tNSrlund: Bidrag til de lineaere DijfferensligningerH Theori (Copen- 
hagen, 1910). Carmichael: Trans. Anter. Math. Soc.^ 12 (1911), pp. 99-134. 
BirkhofE: ibid., pp. 243-284. Galbrun: Acta Math., 33 (1912), pp. 1-38. 

t Vorlcsimgen uber Differenzenrtchnung (Berlin, 1924). 
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systematic presentation of tlie elements of the theory renders 
it unsuitable for the beginner. The aim of the present book 
is in part to fill this need by affording as simple and direct 
an approach as possible to the fundamental facts and ideas 
of the theory, and in part to extend the boundaries of the 
subject by studying certain important exceptional cases which 
have hitherto defied analysis. 

No knowledge is presupposed of the student beyond the 
elements of the theory of functions of a complex variable. 
In the first chapter various topics relating to difference 
equations are dealt with, and the reader becomes acquainted 
with some of the fiuidaineiital concepts and methods which 
he will need later. The second chapter is devoted to differ- 
ence equations of the first order, including of course the well 
known gamma function, all of whoso principal properties are 
derived in a simple and direct fashion. To increase the 
value of these two chaptei-s to the student a set of exercises 
is added at the end of each. 

In the third and fourth chaptei’s a detailed study is made of 
the hyporgeometric difference (equation, i. e., the linear honu)- 
geneous equation of the second order with linear coefficients, 
'riie theory of this eciuation luesents most of the main points 
of intei’est of the general theory of linear homogeneous 
(iquations of the y/tli order with i-ational coefficients, yet 
Avithout the excessive comidication and abstractness of the 
latter, because concrete and explicit formulas can be obtained 
throughout. For this reason it affords an admirable introduction 
to the general theory. The form of treatment employed aims 
to familiarize the student both Avith the methods of Birkhoff, 
who bases his work on the dh’^ergent power series which 
fojuially satisfy the difference equation, and Avith those of 
Norlund, who makes extensiA'e use of the Laplace trans- 
formation and of factorial series and other expansions. For 
similar reasons the hypergooraetric equation is sometimes 
used in the fonn of a single equation of the second ordei*. 
and sometimes as a system of two equations of the first order, 
each form hatring ceriain advantages Avhich the other lacks. 
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The third chapter deals with what is called the ‘'stMieral 
case'’ of the hypergeometric eqaatioii, in which th(' two roots 
of the characteristic equation ai’e assumed to be tiniti*. distinct 
from each other, and different from zero. It is this (“ase 
which has almost exclusively been treated hitherto. In the 
fourth chapter the theory is extended as far as possible to 
the “irregular cases", in which the above conditions are not 
satisfied. It is in this chapter that most of the new results 
in the present book are contained, it has been found possible 
to work out the theory of the cases where one root of the 
characteristic equation is zero, or one infinite, or both, almost 
as completely as that of the general case. In I lie remaining 
<‘.ases, in which the roots are equal to each other, considerable 
progress has been made, but further investigation is still 
required before the theory can be considered comi>lete. 

The author desires to express his gratitude to I’rof. C. H . Adams 
of llrown University for reading the manuscript of this book 
and making numerous helpful suggestions, and to the National 
Research Council for its aid in publishing the work. Abov<^ 
all is he deeply indebted to his friend and former teacher. 
Prof. G. D. Birkhoff of Harvard University, under whose; 
guidance he first studied differenci’ (‘qnations. The general 
spirit of the method of treatment udoptcid in the first two 
chapters, as well as many of the details, are due to him, 
and his generous aid and counsel have been ii constant in- 
spiration to the author throughout. 

P. M. Batchki.ukh. 

Austin, Texas, 

Deceinlier, 1 926. 
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ClIAPTEH 1. 


Fundamental ideas. 

S 1. Difference equations. 

A differmce equation is a functional equation of the form 

^ , ./'(•'* -f- I ) . • • • . ,tV‘ H n ) , 

//(.r H ///). .... /.(.r I /)) 0. 

where is o ^iven function of tin* indepemlent v.iriabh* ./ 
and the values of the unknown functions ,/VO, //(y). • • /»*(•') 

at the set of points .>*, .r-f 1, .r f 2. •... Tlie more <^oneral 
case in which the interval between the successive' points is 
any real or complex number oi, instead of 1, (uui bo reduced 
at once to that above by the' substitution .x* - M,t\ ./‘(w;/) 
.:::z ^ (x) . Tlic vadablo .#* we shall take to b(' complex: 

;/• u-^- li; (if^ r real, i -- ^ — 1 ). 

A difference equation in which tlu^ values of one oi* more 
of the unknown functions at x and x~\-n both appear, but 
not their values at r j-w fl, .7'+n + 2, •.•. is said to be 
of the nth order. 

If O is linear in all its arguments except the equation 

is called linear. We shall consider only linear e(|uations in 

this book. The general linear difference equation of the //th 
order in one unknown function y{x) may be written 

an (x) y (x + n) + a-n-^-i (it^ y {x + n — 1 ) -f j 0 (, (x) y {x) 

— b(x), 

where the coefficients an(x), an^i(x), •••, uoix), b{x) are 
known functions. If h{x) = 0, the equation is homoyeneoasj 
otherwise it is non-homoymeonsi. 
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The function 

AyU) y(a;4- 1) — i5/(») 

is called the difference of y{,x). The difference of this, namely 
A^y{x) • 4(4.y(.x0) yix-\-2)—2yix-\~l)-^yix). 

is called the secmul difference oiyiai), etc. The wth diffcrenc(! is 
= ?/(»•• + «-) — ny{x‘]-n — 1 ) 

-f y(x-\-n--2)— • • • + ( 

The.s«! eijiiations may be solved for //(./■■-|- 1), y{x-\ 2), • • • , //(.' • + »), 
giving 

!J {x -f 1 ) - y (a -) -\- Ay (x) , 
y (•»• + 2) y (./■) -h 2 Ay(:') + A-y{‘), 

y(x-\rn) "=■= //(•■/•)-[• iiAy(x)-\- ^ |-^"y(a.-). 

If these are substituted in eq. (2) the latter takes the form 
An (x) A" y(x) + .-Ih-i ix) A"~^y(:r) 1- A.oix)y{x) -- h(:r). 


It was this notation which led to the name ‘‘difference 
equation". 

Instead of a single linear equation of the wth order, we 
may have a system of n simultaneous linear equations of 
the first order 

n 

(3) yi (x + 1 ) = ^ (lij (x) yj (x) 4- ly (x) (/ 1 , 2, • • • . >0- 

involving n unknown functions yi{x). Such a system is 
essentially equivalent to eq. (2). For many purposes it is 
more convenient than a single equation; it has greater 
symmetry, and with the aid of the matrix and determinant 
notations it brings out clearly the analogy between wth order 
and first order equations. On the other hand, the single 
equation is superior in that a single unknown function is 
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isolated and its explicit dependence on the knovini coet'ticients 
is stated. In the present book we shall not conliiu* ourselves 
exclusively to either form. For n — 1 the two forms ct)ineido; 
and we have, us the simplest exaniiih' of both, the equation 

(4) //(..>■ 4-1) — i xi.r)i/(.r) = / a (.<■). 

which is studied in Cliapter II. 

For the most part we shsill consider only dilferenc.e 
equations whose coefficients are rational functions. In seeking 
solutions of such equations we shall limit our attention to 
functions which are analytic in the finite pai t of the complex 
plane exce|)t for poles. 


S 2. Periodic functions. Summation. 

Consider tlie s])ecial case* I'lix) 1, ca(.c) 0 of c(i. (4), 
namely 

(5) .'/(•'»• <>• 

This is obviously satisfied by every t'uueliou whose value 
at .r 4* 1 i« tlie same as its value at ,r, i. o., by (‘very p(‘rio(lie 
function of period 1. Pciriodic fuiic.tious of unit i)(‘ri<)d are 
of great imi)ortaiice in the theory of diflertMic.e e(|uatious. and 
])lay there a role analogous to that of simph‘ constants in 
the theory of differential eejuations. K(i. (5) may hi) written 
— P- which shows that thes(3 periodic functions are 
functions whose difference is zm-o, just as constants an* 
functions whose derivative is zero. 

A periodic functi(3Ti of period 1 is determined over tin* whoh? 
plane by its values in a vertical stiip of unit width, say tin? 
strip between the axis of imaginari(*s and a line paiallel to 
it one unit to the right (including om* boundary but not 
the other). Siudi a strip constitutes a fhndanundal mfion 
for the periodic function. The limitation imi)Osed at th(* (Uid 
of § 1 will make it unnecessary for us to considei' any 
periodic functions except such as an* analytic, apart from 
poles, in the finite part of a periodic strip. The simplest 
analytic function, other than a constant, which has the period 
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1 is Most of the periodic functions whose explicit forms 
we shall obtain will prove to be rational functions of 
Throughout this book, when periodic functions are mentioned 
it is to be understood that the period is 1 , unless a different 
period is explicitly stated. 

It is evident that if the values of a periodic function p (a:) 
ai-e considered along a line piirallel to the axis of reals, the 
same values are repeated over and over as x moves to the 
right or left. Hence if pix) approaches a constant limit as 
a, ->QO along every such line, we can conclude that it is 
identically equal to this constant. 

The following theorem from the theory of functions of a 
complex vai'iable, which we quote for later reference, is useful 
in finding the explicit forms of certain periodic functions which 
appear in the course of our work.* 

Theorem. If periodic function of period 1 has no 
slngulaHtie.'i rxeept poles in a fundamental period strip, and. 
approaches a definite value, finite or infinite, at earli end of 
the strip, it is a rational fnncHon of 
Consider now the equation 


(6) y (./• + 1 ) — y (x) - ij> (a-) ; 


this states that the difference of the unknown function 

is equal to the given function Hence the problem of 

solving it is equivalent to that of finding a function whose 


difference is known. If w'e denote by ^ the operation 
which is the inverse of that indicated by A, we may write 


(7) 


y(x) - 




as a solution of eq. (ti). This operation is known as sum- 
mation; it is analogous to integi’ation, and for that reason 
is sometimes called ‘‘finite integi’afion”. Eq. (7) is a solution 


* Gf. Burkhardt-Rasor: Theory of Functions of a Complac Variable. 
p. 275; or Osgood: Lekrbuch der Funktloneniheoi*ii\ I (2nd ed.), p- 46(5. 
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of eq. (6) in tho same sense that 



dx is a solution of 


the differential equation dy/dir — <p(:r). The evaluation of 
the sum. like that of the integral, is often a problem of 
great difficulty; in fact, the sum may not exist, just as the 
integral may not exist. 

If ijtix) and yaix) are any two solutions of e«|. (H), we 
see by substituting them in ((5) and subtracting that 


!/i (•>• + t ) — .Vs (./• { 1 ) - - [//, (.r) ~ !/a (.»•)] 0 . 


i. e., their difference is a periodic function. 'I’lie most general 
solution of (6) is therefore obtained by adding an arbitrary 
l)eriodic function to any particular solution. This arbitraiy 
periodic function coiresponds to the constant of integi’ation 
which is added to an indefinite integral. 

If f(x) is a polynomial, its sum is a polynomial of the 
next higher degree, which can be obtain(*d in any pai-ticular 
case by tin? method of undeteiniined (;o»‘ffici(!nts. b’ollowing 
are a few examples of sums; they may easily be vmifit'd by 
forming the difference of the right-hand side. 


§ ' 

St) (wi-i)*' S"' 


.v(.r-l) 

9 


ft. 


, sin ‘X - 


cos (a: - - - 
2 sin i 


One method of evaluating the sum ^ y (a;) is as follows. 
By replacing x successively by x~-\, x — 2, etc. in eq. ((>), 


w'e .see that 

y (ir) - */' ix - - 1 ) -1' y O' - - 1 f 

=- <jP f.7 — 1 ) -f- 9* (a" — 21 -}-^ [x — 2) 


(8) fjf' (X — 1 ) + IP te “ 2, > H -f y- (x - - n) -t- y ix - n ) ; 


♦ 


I ^ 
I n 


denotes the expression 


x(x—^) 


• • (jc— -n -f 1) 
nl 
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similarly, 

y (x) — f (x) 4- 2/ (a- ■ + 1) 

^—g>(x)—f(x-j-l)-j-y(x-i-'^) 


( 9 ) — — 9>(x) — 91(33-}-]) — 9<(3;-|-?i) + y(33-|-n-|-l). 

If HOW we let H-^ca, we obtain the two series 

OC ^ 

(10) !ji{x) — n), yrix) 

»— 1 «--o 

wliioh formally satisfy eq. (6). They may be termed the 
symhoUc solutions to tJio left and to the riylit respective!}'. 
If these series converge uniformly in any region, they represent 
analytic, solutions of eq. (6) in that region. For example, 

let 9>(a) ('■-«)■'; then the scries for converges 

uniformly in any finite region of the plains from Avhich the 
points « 1-1, ffl + 2. ••• have been excluded by small circles 

drawn about them, and that for //, (.t) in any finite region 

from which the points u, « — 1, a -2. • • • have been similarly 
excluded. The solution yiix) in this case has poles of the 

second order at x — a -}- 1 , a + • • • - which we will call 

the points canynwnt on the right to «, and yr{x) has poles 
of the second order at x a, a 1. a - 2, • • •, or at a and 
the points eongnient to it on the left. 

Further discussion of summation will be found in the next 
chapter (5; .H); cf. also § 7 of the iiresent chapter.* 

§ 3. Fundamental systems of solutions. 
General solution. 

Consider the linear homogeneous difference equation 

(1 1 ) a, Ax) y{x 11 ) -f (In i(a') ^/(a- -f n — 1 ) -| \-ao{x) y(x) == 0, 

whose coefficients mix) are rational (or, more generally, 
analytic) functions of x. If yiix), ytix), •••, ynix) are 

^For a detailed treatment of the subject of summation, see the first 
lialf of Norlund’s Differenzenrechnung, 
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particular solutions of this i‘(|uation. it is easily seen l>y direct 
substitution that 

P\ (ic) Hi (t) + ps Or) (x) H 4- {.»•) !f„ Or'l . 

where the p's are arbitrary peiiodic functions of period 1. 
is also a solution. As previotisly indicated. Ave limit our- 
selves to the ease Avhere the //s and the p's are all analytic 
in the Unite part of the plane except for poles. If there exist 
n periodic functions not all identically zero such that this 
exiu ession vanishes identically, the solutions //i (.r). //j (,*•), • • • . //„(.»■) 
are said to be Ihmuiy deiK'ndriit; otherwise tiu'y an* liiinnly 
indepemlent and form a /iiiidnnu^iifid syniriii of sohifions. 

In detenmining whether a siven set of solutions form 
a fundamental system or not. the followinj? theonmi. due to 
Casorati. is helpful. 

TtlwtnuM. .4 neecsstny and sn/firhatl ronth'tiiai for Hn' linear 
di'jiendence of the sola f ions //i (x). //»(.'). •••. //«(.»') is the 
idriifiral vnvhhiny of the dr'ferminani 

:yi(:r) !h{r) ••• y»(^) 

L'/i(' -l-l) .'/siy- fD ••• Itifi' \ 0 

— I) '/»(•'■ \ n 1) ••• //«(•'■ \ a 1) 

We will call l>{r} the defenninanf of Casorati', it plays the 
same part for linear difference equations that tlu^ Wronskian 
does for linear differential equations. 

To prove the condition necessan-. let the //'s be linearly 
dependent; then 

Pi (;'•) yi (■'') - i Pi {■>') Hi (•<■) ■) — : Pn C'O .'/if O') ‘ > 

identically, and i»y replacing' x by 1, :>■ 1- 2. • • •. ./•-) » 1 

we have also 

Pi (•*) 2/1 + 1) -i-Ps (»)2/s (»'• 4- 1) -1 

■ \ pa [a) y„ (.r-f 1) 0, 

Pi U) yi U- T n — 1 ) -r Pi (xj pi U -r i< — 1 j : - • • • 

Pii{-r) yni.)'-^ n — \) 0. 



8 


LINEAR DIFFERENCE EQUATIONS 


For any particular value of x which is not a pole of any 
of the periodic functions nor a zero of all of them, these 
form a set of n linear homogeneous algebraic equations in 
the n quantities /3g(a;), (a;). Since not all of 

the latter are zero, it follows that at every such point the 
determinant of the coefficients, which is D (a?), vanishes. But 
each element of D(x) and hence l){x) itself is an analytic 
function; consequently, since it vanishes everywhere except 
possibly at a set of isolated points, it must vanish identically. 

Converaely, if (a) vanishes identically, let ri(cr), Vsla;), 
Yn(x) be the cofactors of the elements of the last row; we 
will assume for the moment that at least one of them, say 
}\ (x), is not identically zero. Then by well known properties 
of determinants* we have identically 

r, (:/;);//, (x)-|- rs(x)//s(;r) 4 [- )'«(•'•)//„ (.r) 0. 

r. (••«)//. (■r-l-1.) + l';(aO/A(.r+ 1)4 

I )4(x)//«(x4- 1) ~ 0. 

I 1 U‘)//| (.'■4-'« — 1)+ l'2(x)//o(.r-|- ». — 1)-f • • • 

4- T «(»•)//» (a: 4- H — 1) /;(a;) - 0. 

The cofactors of the elements of the first voav, apart from sign, 
are Fi(a'4-1), I'sCt-}- 1). • • •, )4(x4 1); hence we have 
similarly 

14 (a- 4- 1 ) //1 (x) -f r* (x 4- 1 ) «/* (x) 4 ---- 

4- rn(x4- l)?/«(x) - - ±J){x) --- 0, 

I I (a; 4*' 1 )//i (x 4" 1) 4" ^2 (x 4’ 1 )yi (a' +1)4 

(1'^) + 14i(x+ l) 2 /„(x+ 1) -- 0, 

li(x+ l)y, (x+ « — 1)+ l»(a;+ l)yg(a'+ tt — 1)4 

+ 14* (x + 1 ) i/n (x 4- N — ] ) = 0 . 

Equations (12) form a set of linear homogeneous equations 
of rank ii, — 1 in 14 (x), 14 (x), • • •, l’„ (x), and hence determine 
uniquely the ratios 14 (x)/ri(x), ..., r„(a;)/ 14 (x); these are 
analytic except for poles, since they are rational functions 

* Of. e. g. Ct. Kowalewski : Deierminanieniheork, § 20. 
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of the </'s. Equiitions (13) fom a similar system in rita-fl). 
12 (^ 41 ), r«(a; | 1); since the coeflicients jire the same, 

the solutions are the same, so we liave 


I'sCt+D I'sC.-) ! 1) l’„(.r) 


i, e., the ratios are periodic functions. Hence if we divide 
the first equation in (12) by 1’, (;r) and write 


Pi{x) 1, psC'c) 


VA-r) 
)\ M ' 


•••. ihi{.r) 


)»(.e) 


we have the identical relation 


7>iC'*0;yi(.a-)-i y^s(')//2< '') i ■ '*• 

where 7 <i(ir) at least is not identiiailly zero; hence the soliilions 
7/1 (a;), // 2 (•'■), •••. //»(.r) are linearly (hqiendimt. 

In case all the )’'s vanish identically, we observe' that 

Ynf.'v) is the determinant of Oa.sorati for the u 1 soluti()ns 
7/1 • • •• 't follows by th(‘ arfrnment above 

that these /< — 1 solutions are linearly de])ende.nt. and hence 
all n solutions are linearly dependent, since we can tak(' 
Pnix) ^ 0 identically. 

The importance of a fundamental system of solutions of 
eq. (11) is due to the fact that if //i(x), //sO/), •••, //«(;/•’) 
form a fundamental systi'in. cm// solution can be (expressed 
in th(! form 

(14) // (j-) />i (./•) //I (.-r) j- />•_. (./•) !f > (./■) I i pn (.'•) //„ (.c) 

by a suitable choice of the periodic functions. To proven 

this, let y(.c) be an arbitrary solution, and coirsider the 

equations 


««(•'■)// (»' 

4- >0 \ -lln- 

.i(r) //(./■ 1 

1) i' • • • 





■\aii(:x)ij{x) 

0, 

a« (»•) .Vi (" 

r -f~ it) t” fhi- 

-1 («).'/! (»•- 

... 4 ... 





f Ofl(a;);yi(a;) 

0, 

(In (x) y„ (.: 

-f- n) “f- 

-1 (a;) //„(.'/• 

t n — 1) 





+ «o(a!) ;v„(a-) 

0, 


( 15 ) 
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which express the fact that y(a;), yii?), ■■■, ynix) are 
solutious of eq. (11). We may without loss of generality 
assume that not all the coefficients Unipr), ao{x) vanish 
at the same point, since if they did ive could remove the 
zero by dividing the whole equation by a suitable factor. 
Hence for every value of .r we liave 

y {x + J/) yix-{- n — \) ■ • • y {x) ' 

yi {x + n) //t (x - \-u — 1 ) ■ • • !/i (x) ; ^ ^ 

j 

yn (x + n) y,} (x' + )< — 1 ) • • • Un (x) ' 

from which it follows by (^isorali’s th(*oreiu that a relation 
of the form 

V (x) y {x) h pi (x) //I (x) - 1- p<« i:x) yn (x) = 0 

holds identically, where p(x) does not vanish identically, 
since i/ilx), j!/2(x), •• •. //«(x) form a fundamental system; 
solving this for y{x) gives an equation of the form (14). 
Equation (14) thus represents every solution of eq. (11), and 
is tliei’efoi'e called the ymerul nohtUxDt. 

The particular periodic functions needed to expn^ss a 
definite solution //(x) in tcrm.s of a given fundamental system 
</i(x), 1/3 (x), •••. //u(.c) may be obtained by solving the 
equations 

V\ (x) 1/1 (x) + jh (x) 2/2 (a') -1 [- pH (x) 2 /« (x) - - y (x) , 

pi(x) 2/1 (x + 1) ^ - p-i{x) 2 / 2 (xH- 1) H 

+ Pn (x) 2 /»(x -1- 1) y (x + 1) , 

P\ (x) 2/1 (x -1 - — 1) + Pi (•■'■) y-i f-c -f- M — 1 ) 4 

-f- Ph (x) y„ (j- + « — 1) = y (x + n — 1) 

for pi(x), p2(x). •••. p„{x). 

S 4. Homogeneous equations with constant 
coefficients. 

If the coefficients ak{x) in eq. (11) arc all constants, the 
equation is easily solved. For simplicity we will take « — 3, 
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but the methods used apply to ('quaiions of any order. \\'e 
consider then the equation 

(16) + 3) + -) r '^ 1 //(•'■ r 1) I" 0(i//tr) 0. 


and assume that Hh | 0, ^<0 f 0. since otherwise the order is 
less than 3. 

Let us sety/(.r) - and seek l«» determine the constant 

p and the function h(x) so that this will be a solution of 
eq. (16). If we express «(» -1- 1). a(.r-|-2), and « (.c | 3) in 
temts of the differences of ii{x) (cf. § 1). eq. (16) la'comes 


< «a + '^2 4 - «I ? + O,,) II (../•) -f ' ' t3«j, (I* I - 2o« « ! ff I ) ii (.i'l 

"h (3«;1 (* + O 2 ) J’* '' (*'■) * y * * '4/3 0, 

or, if w(! cancel the factor (r"' and set 


(17) 


./'(?) ":i t'* '■ "2 e‘ ! "1 i> -1- . 

/(?)«(»■)-!- ^^/■'(t()J «(•'•) I r J'f yiii.i) 

1 :.. /■"'(!'> i:. / . 


Let (»|. di. and (ly b(‘ the roots of thc^ rliiinirh’nslir niiuiliiin 
fid) 0. if we set (> equal to one of these' and o(,t) cMiual 
to a constant, e<|. (17) will be satisfied, since, the ililVenmce 
of a constant is zero; hence particular solutions of e(|. (Hi) 
are ii|', yj', If the roots of tlu! characteristic equation 
are distinct, these form a fundamental .system, for 


J) (;/■) = (o, Hi cti)® (c'l — ^ 2 ) (c '2 — ?») ((>» — i>\), 
which never vanishes. 'I'he general solution is thi*refor(? 

(fx Pi (^f) -f- ef I's (•^■) + />.. (•<•) , 

where the y/s are arbitrary- iieriodic functiotis of period 1. 
If the characteristic equation has two equal roots, say pi = ^ 2 , 
then f id\) ~ 0. and for d eq. (17) becomes 
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whi6h is satisfied if ti {x) is a constant or a polynomial of the 
firet degree. Particular solutions are therefore ef, x^, 
and the general solution is 

ir( [p^ {a) 4 - xp^ (./;)] + 

for 1)(x) -- — t'a)', which never vanishes. 

If all three roots of the characteristic equation are equal, 
then f {qi) — f {qi) 0, and all the terms of eq. (17) 
vanish except the last; it is satisfied if M(ic) is any polynomial 
of degree not greater than 2. Particular solutions are 
pf, and the general solution is 

(4 iiM (^■) + Pi (■'') “ pi J ; 
in this case D(x) 

Difference equations with constant coefficients have many 
applications in other branches of mathematics, both pure 
and applied. The recursion formulas, for instance, by which 
each teim of certain series is obtained from a number of 
preceding terms, can be regarded as equations of this sort. 
A simple example is fumished by the nmnlms of Filmunri \ 

0, 1. 1, 2, 3, b, S, 1.3, 21, 34, • ■ 

in which each term after tlie second is the sum of the two 
preceding terms. If we call the terms yiO), y(\), y(2), •••. 
we have for positive integral values of x 

y(x-\-2)—y(:7‘ !-!) — .//(r) = 0. 

The roots of the characteristic equation 

Q — 1 = 0 

are i (• ± ^ fl*® general solution is therefore 




Cl 




1 - |/5 
' "2 / ’ 
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la 

where ci and r* may be considered as constants instead of 
periodic functions, since .*■ is limited to integi'al values. The 
values of ci and ca which give, the numbers of Fibonacci 
are obtained from the fact that t/(0) - 0 and - 1. 

namely Ci — 1/J^o, <■« = — 1/1^5. The general tenn of 
the series is therefore 


f/lflftf /I 

1 r, y' 1 

11 2 ) "1 

2 / 


S 5. Non-homogeneous equations. 

Consider the non-homogeneous linear difft'rencc etpiation 

ffnM !/U' I ») '!' (*) !/(•>' ' » 1 ) f • ■ • f- «o(a') //(•'•) 

hlr). 

The equation obtained from this by setting b{x) -- 0 is 
called the assodakd honwf/mcoits iftjiiafion. Solutions of eq. (1 8) 
can be derived from tho.se of the associated homogeneous 
(!quation by a method analogous to that of “variation of 
constants” used in solving a non-homogeneous linear differential 
equation. 

Let !/,(■/■), !ja{x), •• •. i/„ (■'/■) be a fundamental .sy.stein of 
solutions of the associated homogeneous (ujuation, and set 

(IP) !/ (x) ^ c, (r) v/i (a;) + cj (x) //» (;»’) | | (.c) //„ ; 

we seek to determine the functions ct(x), •••. c»(a;) so that 
^(x) shall be a solution of cq. (18). Replacing .r by a^-1- 1, 
and writing cft(r/'-l-l) ■ a-Cr) l dr/e(x). we have 

>/ (x 1 ) = c, (a^) t/i (x -f 1 ) -f i-t (x) ya (a; -f- 1) + • • • 

+ c-nix) yn{x -\- \) 

+ [d Cl (x) Ih (.* + 1 ) + d ca («) </a (» + 1) 4 • • • 

4 df„(a;);//«(a:4 1)1 • 


Suppose the r’s are so chosen that the expression in brackets 
vanishes identically. Replacing x by x-\- 1 again, we have 
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y{x-\-2) — ri (») 2/, (» + 2) + f * (x) </* (a; + 2) H 

+ 0.(x)2/«(x + 2) 

+ [4 c, (x) /y, (x + 2) + 4 ts (x) //a (x + 2) H 

-!-4r„(x)//„(x + 2)], 

and again we assume that the expression in brackets vanishes 
i(lenticall.y. Continuing in this Avay, we have finally 

?y(x + «) — c, (x) 2^1 (x + m) + (x) //s (x + «) H 

-f- 0/,(x) jr„(£c + «) 

+ [4 t'l (x) iji (x ^ - n) + 4 Ca (x) //a (x + n) + • • • 

+ 4c»(x)2/n(x4- h)] r 
and in this last equation we will retain the terns in brackets. 
Multiplying these n+1 equations by Uo (x), ffi(x), •••, a,, Or) 
respectively and adding, remembering that 2/1 (x), •••, y,/(x) 
are solutions of the associated homogeneous equation, we 
obtain the equation 

/>(x) - - ««(x)[dn(x)/yi(x + w)4-4es(x).V2(x+;0H — 

+ 4c„(x)2/n(x + «)]. 

To determine the Jr's we now have the following 
n equations: 

JfiCxOy/iCx-l- 1) H f-4o«(x)2/«(x + 1) 0, 


4ci(x)2/i(x + '« — l)-[ |-4c«(x)?/„(x + m— 1) = 0, 


J Cl (x) 2/1 (x -j-n) + h 4 c„ (x) t/n (x + n) 


«n (x) ' 


The determinant of the coefficients is i>(x + l), which docs 
not vanish identically, since the i/’s form a fundamental system; 
hence these equations determine uniquely the differences 
Jri(x), • • •, 4c»(x). In fact. 


4rfc(x) 


AM. 

7)(x4-1) «»(x) 


(k 1,2,..., 11 ), 


where Mnk(x) is the cofactor of the last element in the 
Mh column of D(x + 1)*. Tlie t’s themselves can be obtained 


If n = 1, Mnk(x) is to be replaced by 1. 
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lo 


by summation, 
we have 

(20) !/{.r) 


Putting in (19) the values tlius 



J/»fc(.r) 


rt« 0>;-) 


obtained. 


as a solution of eq. (18). 

As an example of this pro(!edni'e, consider the e(|uation 


y(x-\- 2) — 7 !j (;>• -f I ) -f <5 y (.r) ^ = .>■ . 


The associated homogeneous equation has the linearly in- 
dependent solutions 1, 6", for which 

"(.■■+i) = j|' I;':;; 

and Jig, (a?) - — A/gg(a)— 1, Hence 



l_.r(a;— 1) IP/ -l-(i\ 

5 2 ‘ ;1() \ 'Jf) . (}^ I 

__ jr . iix 1 

lO ;■)() “ 125 ■ 

If 7 i(a;) and iif 2 (a;) are any two solutions of eq, (18), we 
see by substituting them in the (fquation and subtracting 
that their difference is a .solution of the associated homo- 
geneous equation. Hence the most general solution is ob- 
tained by adding to any particular solution th(' general 
solution of the associated homogeneous equation; this gives 

(21) .y(.i-) =" ^(x)-l-i), (»)//, (a) -! \-i>nior:) yn(x), 

where ji{x) is a particular solution of oq.(18) and //i(a), •••, pn(x) 
are arbitrary periodic functions. Thus the most general 
solution of the example above is 
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XH ix) -f- 6* Pi («) — + If “ 1 25 ■ 

Another method of handling a noii-homogeneous equation 
is to reduce it to a homogeneous equation of higher order. 
If we replace x by x + 1 in eq. (18) and multiply by hix), 
we have 

b {x) [«„ {x + 1) .y (a'.' + « + 1) ^ f «o (*-' + 1 ) 2/ + 1)] 

-W;(,r)6(a;+1); 

if we multiply eq. (18) by b{x-{-l) we have 

h (x - 1 - 1) [an (x) y (x + «) H f *>o (•*) {/ (a^:)] 

= b{x)b{x-\- \). 

Subtracting one of these equations from the other gives us 
a homogeneous equation of order n+l, which must be 
satisfied by every solution y{x) of eq. (18). It is also 
satisfied by every solution of the associated homogeneous 
equation, since these make the expressions in brackets in 
the last two equations vanish. Thus we obtain for our 
numerical example the third order equation 

xy{x + 3) — (8.T + 1 ) y{x + 2) + (13.x' + 1) y{x + 1) 

— 6(x'+ \)y{x) = 0, 

which has the linearly independent solutions 1, 6®, and 

x^ j.'6x 1 

“ 10 W ~ 1 2 5 ■ 

§ 6. Asymptotic representation. 

The idea of asymptotic representation plays an important 
part in the theory of linear difference equations. For our 
purposes it may be defined as follows. Let /(a?) be a function 
of the complex variable x defined on a ray which starts at 
some finite point « and goes to oo, and let 

8{x) =---- + ^ ^ H 



ASYMPTOTIC REPRESENTATION 


1,6 




be a series in !/«, convergent or divergent; then if there 
exist, for every n, positive constants M and E such that 



when I a; I > E on the ray, /(.t) is said to he represented 
nsijmptotically by [in symbols, /(a;) ~ 6’ (x)] along the 

ray. The constants M and E in general depend on n. More 
generally, if f{x) is defined in the sector fl, < arg(£c— a)<da 
of the complex plane, we will say that fix) is represented 
asymptotically by 8{x) in this sector if the above inequality holds 
when ia:| > E in the closed sector dj-f e<arg(x' — «) ^ da — 
where e is an arbitrarily small positive angle. In this case 
3/ and E depend on s as well as on n. If f{x) is also 
defined on the boundaries of the sector, and if the inequality 
holds when \ x\ >E in the closed sector di < arg(a; — «) ^ d^, 
we will say that f(x) is represented asymptotically by 8{x) 


in the latter sector. 

The definition may also be stated in the fonn of an 
equality, namely 

J{x) = So + - + • • • + + , 


where [ (f» («) | < il/ when |.T|>i»\ If we replace s by^t+l, 
and set 

•^”+1 I ^ni±(x) ___ , s 

X X n ), 

we may write 

(22) fix) «o4--- H V -i, + ’ 

Avhere lim («) = 0. Still another form for the definition is 

.r— > 00 

As a simple exarapfe,* consider the function 
fix) - 

•Whittaker and Wataon: Modem -Analysis (3rd ed.), p. 150. 
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1^': 


wKere k is teal 'and positive and the path of integi-ation is 
thd positive axife of reals. Eepeated integration by parts gives 

1 1 , M _ 

= ,T ' ■ ■ ■ 


+, 


(— If-Mw— 1)! 


X" 


H- (—!)”» 




^r~t 


dt. 


We are thus led to consider the infinite series 


' .X X2 .X8 




This is obviously divergent for all values of x; however, if 
we let xS'n(x) denote the sum of the first n terras of S(x), 
we have 



Accordingly, by the definition above, along the 

positive axis of reals. 

The value of f(x) for large values of x can be calculated 
with great accuracy from the asymptotic series. In this way 
a divei’gent series may give almost as much information 
about the function which it represents as a convergent series 
would do. In fact, in cases where both convergent and 
divergent series representing a function are known, the latter 
is often preferred in numerical computation because fewer 
terms are required to obtain the value of the function with 
the desired degree of accuracy. 

The laws of operation for asymptotic series are essentially 
the same as those for convergent series.* The most important 
for our purposes are the following. Let f{x) and g (.x) be 
two functions of x, and 

*For a general treatment of asymptotic series see Ford: Studies on 
Divergent Series and Summahility^ Chaps. I-III. 
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S{x) f== So + + 

TO ^ -{- 


two infinite series, convergent or divergent. Let Sn{x) and 
Tn (./■) denote the sums of the first ri + 1 terms of these series. 

I. Tff{x)'^8{x) and g{x)<^T{s) in any sedsr, thm 
fixi)±g{x)'^S{x)±T{xi 

For, hy eq. (22), 

(23) J{x) Sn{x) -f- Tn{x) - 


adding and subtracting, we have 

f{x) ± g {x) 8n{x) i Tn (;/■) + 


fn (x) ± fniai) 


Since both (a;) and 4(«) approach zero as x-*<x>, the same i.s 
true of their sum and difference ; hence f(x) ± g {x) ~ Sigi) i T(a;) . 

II. lff{x)r^8{x) andgiti^'^Tix), thmf{x)g{x)^8{x)T{x). 
For multiplying cqs. (23) together, ive have 

J I '“’'o “t" •'^1 ^0 1 I So + • • • ^1“ s» tn 

/ {x) g ix) .x,, tn -1 — - + 1 - 

' . 8n (x) e'n {x) + Tn (x) s« (.X') + »[(x)^ 

■+ '■■■ x”" ' ’ 

where lim i?(x)-=--0. Since 8„.{x) and Tn{x) approach the 

a :— >00 

finite limits s# and to respectively as the numerator 

of the last term approaches zero. The other terms on the 
right consist of the first « + 1 terms of the product 6Xx) T{x)-,. 
therefore, hy {22), fix) g(x)'^ 8 {x) T(x). 

III. If f {x)'^8{x) and g{x)<^T{x), and if <o + 0, then 
fix) / g (x) ~ 8 (x) IT{x). 

If we divide 1 by the series T{x), we obtain formally a series 


X X. 
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since 

(24) g{x) ^ Tnix) + -^, 

llg{x) is equal to \lT{x) to terms of the «th degree, so 
we may write 

where Uni^x) is the sum of the first « + 1 terms of the series 
\IT{x). If we multiply eqs. (24) and (25), we have 

We may write 

Unix)Tn{x) ^ 


where lim ^(a;) — 0, since C/»(a:;) and Tn{x) are the first 
n + 1 terms of the reciprocals 1 / T{x) and T {x) ; hence 


n (x) + Uu (x) e'n (x) + g (x) (>„ {x) - 

^{x)-^Un{x)tn(x) 


0 , 


Qn(x) =- 


g(x) 


Since the numerator approaches zero and the denominator 

approaches the value fo + 0 as oo, we see that lim q„{x) = 0. 

^->►00 

It now follows from eq. (25) that l/g{x)'^l/ T{x), and 
consequently, by II, th&t f(x)/g(x)'^S(x)/T(x). 

IV. If fix) S (x) in the sector di < arg (x — «) < Og , then 

/(a;)~ 8 (x) in the sector < arg {x — ct’) < 0^, 

ct cc d oc 

where a' is any point in the first sector. 

The second sector lies within the first, and is bounded by 
two rays parallel to those bounding the first sector. Let d 
be the distance between the closer of these two pairs of 
parallel rays; a circle C of radius d with center at any point x 
of the inner sector will then lie wholly in the outer sector. 
Differentiating eq. (22), we have 
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d ^ _ Si 2 Sg 

a;* 

__ nsn i _L ^ 

af+* a;’* dx 

By Cauchy’s integral formula, 

d 's 1 f,At)dt 


/ \ _ 1 i (0 d t 

en{x) --- 2 -* ’ 


where the integration is around the circle C in the positive 
direction. Since lim f»(a7) = 0, we have lf»(a;)|<fc' for 

a’-^oo 

|r!r /^, where * is an arbitrarily small positive constant. 
If we take \x\>R-\-d, then for all points of C we have 
I «»(<)!<«, so that 


1 (1 / 

1 1 

C^'edB _ J 

i d X 

’1'" 2 n.. 

f{)d (1 


where e' is arbitrarily small. Hence 


d <3 { \ I 


where 


lim ry(.x') lim 


. \ d , 

-> oc L .X* 


n'knix) 


in the inner sector; i. e., sector. 

Let 

f (x) ' Co + C| X + '“'i H 

b«! a function analytic in the neighborhood of x = 0; the 
series will then be convergent inside of some circle jx] ^ r. 
Let 


be a series in 1/x without a constant term, convergent or 
divergent. 
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V. If f{oe)’^8{x) in a sector, then r 

h SP (/(»)) ~ CD + Ci^(®) + C*[^(®)]*H ; 

where the last series is to be arranged in powers of l/.r. 
Since the series for <p(x) converges Men j *'</•,'' 


y Uloc)) - Co + (kfix) + . . . + c« [/•(it)]" -h /» [/(■*■)]"+' . 

M 

where (tix) is hounded, provided |/(a;) J < r. But fix) '■ < 

when ! :ri > is! in the sector, so evidently c ;fdr 

sufficiently large values of .r. For such values i 


f (/'(«)) — Co— Ci/(a3)- 


■ C« [/■(«)]’* j < ! C'C) ! , 


]f we write 

fi^) = 


fy. J 4- 4. 


Onff) 




^njx ) 


and expand the powers of /(»), arranging the terms in powers 
of I lx, it is clear that the left-hand side of the last inequality 
differs from 


y (/(*;))- Co -c, Sni^d C„ [*S'„(.r)]'^i 


only by terms of degree n or gi-eater in \/x.. Hence 

Al' 

iy (/*(»)) -A>-Ct 8„ix) CnDVoOc)]" < 

for sufficiently large values of x in the sector; i. e., 

•P (/(®))~Co + Cl Sial) -f Cs [A>’(:r)]*-1 • 

VI. A function cannot be represented asymptotically bip two 
distinct series in tJie same sector. ^ 

For if 

fix) ~ So + " .+ + • • • 

and 

fix) ~ fo + ^ + • • • • 
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we have bv subtraction 


A '_ „ i I I ^1 

O^So — ioH : r — 3 r 




but this cannot be true unless So.—.to -^.0, or »o 
multiplying by x, we see that we must also have Si ~ U, etc. 

An interesting consequence of this uniqueness of asymptotic 
representation is the fact that an analytic function /(«) cannot 
be represented asymptotically by a divergent series in 
the complete neighborhood of x ~ oo. For if it Could be so 
represented, it would be bounded in this neighborhood and 
equal to So at the point x^- oo , and hence would be analytic 
there. Its expansion in a convergent power series would then, 
by VI, necessarily be identical with -the asymptotic series, 
which contradicts the assumption that the latter is divergent. 

We shall find it convenient to extend our use of the symbol 
for asymptotic representation to the following cases, (a) If 
f(x) — a(:ic)'^Six), where a{x) is any function, we write 
/■(;r)<^a(a'-) -f »V(.t). (b) f(x)/a{x)'^S{x), and it a{x) does 

not vanish for la:^i > ffi, we write /(a:)~a(a;) (c) If 

fix)==fi(x)+f 2 ix), where /i(.T)'--iS\(a',:) and 
Ave write /(.T)~*S\(«)-i-/Sg(a;). 

In connection with (b) it should be noted that the meanings 
of the relations /(a:.)'^a(ir) • 0 and /(a?)~0 are entirely 


different; the former means that lim ic’* , 

a7-»oo i 

latter that lim 

.X-»0O 


! & 
a{x) 


0, and the 


/(./■) i 0. For example, in the right 


half plane we have 1~1 and at the same time l~e^.(). 

Sometimes the statement “f{x) is asymptotic to S{x)” is 
used for brevity instead of “/(«) is I’epresented asymptotically 
by S(xy\ 

§7. The function 0 {x, r, k). 

As an application of the ideas of § 6, we will study the 
function* 


* This is an example of an important class of series of the form 
Scn n). Cf. Carmichael, Tram. Amer. Math. Soc., 17 (1916), 
pp. 207-232; .Bull. Amer. Math, Soc., (2), 23 (1917), pp. 407-425i . 
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(26) 0(x,r,k) + + ■■■• 

where k is an integer and |r] ^ 1. It may readily be verified 
that ® is a solution of the difference equation 

( 27 ) ryix-{-l) — t/{x) =r- — . 

In this study we need the following lemma, which will also 
be useful later. 

Lemma.* If k is a pos-itive mtencr > 2, thm 
1 X + n 1*^ \x f 1 ( j;r' 2') 


urtim X is in the rkfht half plane, wnd 



when X is in the left half plane. 

When X lies in the right half plane it is positive, so that 


\x-\-n\^ = {a-i- ny -{- 

whence 

^ 1 ,V 1 . 1 1 

, 1 I 1 r” (In 1 

\x^-i [|^|2 

Ixl** \ |.X'| ' 2 / 


When X lies in the left half plane, n is negative, and the 
series may be written 



/i = 0 


1 


y _ ^ _ _ 

^ "oo [(n + H.)*4-t’*P 

„L _ y . _ ? _ 

I m=^M (.u + ny -f a* ’ 


* Of. Birkhoff, Trans, Anier. Math. Soc., 12 (1911), p. 248. 
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the last sum is not decreased if we replace Iw+wl by the 
largest integer which does not exceed it, so we have 



A similar argument shows that 


(30) 



when X is in the right half plane and 



when X is in the left half plane. 

Theorem. If lr|<l, the function ©(.r, v. A;) in singh- 
vahmd and analytic throughout the :c-plane tvhen k<^0, but 
has poles of the kth order at x ■ 0, — 1,- mhm 

k>0. It satisfies the inequality 

M 

(32) i®(a:, r, /OIC {M ■ a ronstant) 


at all points x sufficiently far from the negative axis of reals. 
If r ~ 1 and A: ^ 2, <l>(x, rjk) is analytic except for poles 
of the kth order at x — 0, — 1, — 2, • • - ^ and satisfied^ the 


inequalities 

(33) 


mix, r, k)\ 


in the right and in the left half planes respectively, except 
dose to the negative axis of reals. 

The ratio of the (n -f l)st term to the wth is r 

If X lies in the right, half plane, we have for sufficiently 
large values, of n 


x -\-n -~ 1 Y 
x-fn } 
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i aj.-f w 


J. 

•<'l + e,, 

:i ■' - ' '■, .■ '■■! 



where e is arbitrarily small. If jrj<l, lye can choose « so 
small that I r 1(1 + f) — (►<!. Then from a certain point 
on the series is less term by term in absolute value than 
the convergent series 

(35) (!+(> + ); 

hence (l>{x, r,1c) converges uniformly in the neighborhood of 
any point in the right half plane, and so represents there 
a single- valued ansilytic function. Moreover, if |a;| is suf- 
ficiently large, say \x\>B, (34) will be true for cUl values 
of n, and hence every term of ftt{x,r,k) (except the first) 
will be less in absolute value than the corresponding tei-m 
of (35). Hence, when |£t | >jK in the right half plane, the 
inequality (32) is satisfied, where 

=!+(' + (?*-(-•••- . 

If X lies in the left half plane, an integer I can be chosen 
so large that x-\-7. Xj is in the right half plane. The 
part of the series after the Ath term may be written 

f if J^^f + ■ ■ ■] ■ 

and the argument above shows that this converges uniformly 
and represents a single-valued analytic function. The sum 
of the first A terms is a rational function which has poles 
of the jfcth order at a? = 0, — 1, — 2, ••• if l'>0. Hence 
is single-valued and analytic in the entire finite 
plane when ir|<l, except for poles of the kth order at 
X 0, — 1, — 2, • • • when k>0. If x is any point in the 
left half plane for which. then ia:-f-w|.J>j^;,for rU 

values of n, and as before the inequalitj’^ (32) is satisfied' 
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If 


1, Ave have 




1 I - .'"'1 


o.+2)'^ +: 


If h ^ 1 this series diverges, but if A; 2 it converges 
uniformly in the neighborhood of every point except a; = 0, 
— 1 , — 2, • • • . where it has poles of the Zeth order. Eeplacing 
the terms of the series by their absolute values, we have 


1,&); 


< 


QC 

n 0 


I X. -f- n 1 


and it folloAVS from (28) and (29) that the inequalities (33) 
are satisfied; if we exclude the part- of the plane with'iii 
the distance « of the negative axis .of reals, we can take 
i¥ -2 /e -f vr. This completes the proof of our theorem. 

When r — 1, eq. (27) is of the form (6), so 0(x, \,h) is 
the sum of the function — 1/V'. It is the symbolic solution 
of (27) to the right; the symbolic solution to the left is 
<■ l)'‘+ifl)(- -a-, l, A;) + l/a/'V 

We will now obtain the asymptotic fom of (Ii(x,r,k) for 
large values of x, under the condition that jr|< l. (The 
<;ase /• = 1 is considered in the next chapter.) Let a: have 
any definite finite value, and consider the first tn + 1 terms 
of O, where m is the gi-eatest integer less than 4 ia:|. Th 
any of these terms we can write 


1 


<36) 

_ 1 





\ n I \ x I \xj \xi\. 


where » is any positive integer, and Bijix) is bounded, sdy 
J B ijlx) ] < ilfi O' = 0, 1 , 2, • • • , w) . The sum of these m + 1 
terms is thus 
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But we have 

m 

Oo ^ ^ 
j=o 


I ,^-ri 

1 — r 1 — r’ 


m 

at 


doo 

dr 


(l-»f 




m + 1 

’ll:,: 


+ 


(1 





^2 



J O 



etc. 


Hence, since ?t x \ and | r i < 1 , 

\ _ \ \ _ _ |rh+ ^ . [ris''* ' 

\ — r\ il — /’I "■■ ii— ■ 

Since I approaches 0 more rapidly as x increases than 
any power of x, we may write 

1 , ro(a!) 

«« -' i + ■> > 


where * 0 ( 0 ;) is bounded for large values of x. 


have 


— _L 

‘ ( 1 — a” 


Cli 


r + r* , (x) 

(1— r)» a^‘ ’ 


etc., 


Similarly we 


where the r’s are all bounded for large values of x on account 
of the factor which appears in each one. If we let 


r'ixVoc^ denote the last sum in (37), we have, since 


oiM 

\xl 


-Mt, 


i 

i «« 



Mt Mi 


where Ms is the sum of the convergent series \ The 

function- r'{a:) is therefore • also bounded. 
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For the remaining terms of 0{x, r, h). m which 
we have if ifc> 0 


00 



j — 




— Irci 

I oc I 
1 

■ ' jfc (1+ — ) (m < i>) • 


Hence, if we exclude a nan’ow strip on each side of the 
negative axis of reals, we may write 


f, rJ v"(x) 


where r''(x) is bounded for large values of x. The same 
result is easily seen to hold when /r < 0. Combining this with 
our previous results, we have 


0ix,r,k) = 


(h 

-^+1. 


+ • 


‘ \ n / 


tin 

Jc^l 


fJi' i n 


ix) 


If now we set 
1 


So 


1 — r 


:> •'^1 


we have 

*D(x, r, It) 


V I — k\ . 


I I I I 


where the function 

t(x) = i:o(x) -kfiix)-] J‘^^'>^n(x)-\-'*:'(x)-]~T"ix) 


is bounded for large values of x. Since n is any positive 
integer, we have by the definition in § 6 

0(x, r, fc)~ '^7+ ^ i • 

This holds for the entire plane when fc<0, and everywhere 
except near the negative axis of reals when fe>0. 
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Exercises, 


1 , Evaluate N 

(L 

2. Verify that 


^ 1 ^ 

■V . . "V (.Qg 

u (a;) V (x) — ^ i; (» + 1 ) 4 u (a;) . 


u(x) A V (x) -- (I (x) V (x) 


3. Form the difference equations whose s’eueral solutions are 

(a) xpi(x)-{-x%(x); 

(b) a^j, (;») + i-j!J2(a;); 

(c) xpi (x) + 2 '''j >2 (x) + X 2’^ p» (a;) . 

(Cf. the method for differential equations.) 

,4. Prove that the deteiminant of Casorati satisfies tlu^ 
difference equation 

f;(,r + l) -- D {:»■). 

rin (.a’j 

5. Find the general solutions of the equations 

(a) 2i/(«+3)— 5vfe+2)+ //(»+!) f 22/U') --0; 

(b) .V(.x-l-3)- /y(.a'+2)- 8?/(®+l) + 122/(a;) - 0; 

(c) /y(,*-f3)+6?/(.T f 2) + 12j/(a;+l)+ 3y(x) ~ 0: 

(d) ^(x + 4)- 4yy(a-+3)+%{a--l-2) — 8y(x+l)+ 4«/(.a0 --■ (). 

6. Find the general solutions of the equations 

(a) yix-h\)-2y(x) =- 2''; 

(b) .y(x-4-2) — 3»/(.a; +- l)-l-2jy(a.) I ; 

fc) 2 /(x + 2 )- 2 -|;^ 2 /(x + 1)+ vy(a) - x + 2 

(cf. ex. 3(a) above), 

7. Investigate the asymptotic form of the series 

^ L L J_ ' 

X + (x + 2)* ' 

(a) in the right half plane; (b) in the left half plane exclusive 
of the strip — ^1 1. 
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EXERCISES 

8. Detemine the asymptotic form of the integral 

-fdt (& 1 0 , 1 , 2 , ...)- 

where x lies on the positive axis of reals. 

9. Discuss the asymptotic form of the function 

f{x) ----- (f" + 

where <»> is a primitive cube root of unity. 

10. Determine the asymptotic foi-m of the integral 



throughout the entire plane. 

11. Show that (D(x, r, It) is identically equal to its asymp- 
totic form when /c<;0. 

12. Investigate the convei-gence and asymptotic form of 
mix, —I, It). 
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Chapter II. 

Equations of the first order. 

The gamma function. 

§ I. Homogeneous equations. 

In this section we will study the homogeneous linear 
equation 

(38) y{x-\-\)~r{x)y{x) 0, 

where r{x) is a rational function. If yi{x) and y^ix) are 
any two solutions, their ratio is a periodic function, for 

/ -(a;) yi (x) ^ Or) 
y^ (ai + i ) r (a?) y^ (a;) y^ (a?) ’ 

The most general solution of (38) can therefore be obtained 
by multiplying any particular solution* by an arbitrary periodic 
function of period 1. 

From eq. (38) we have 

y{x) = r(a;— l) 2 /(x— 1) 

= r(x — l)r(x — 2)y(:r — 2) 

r {x; — 1 ) /• (x — 2) • • • r (x — n) y (x — n) . 

!/(»■+ 1) 

(40) — ^ ^ 1)^ 

r{or^ r(a; + l) r{x + n) 

* 111 discussing homogeneous difference equations we shall in general 
disregard the trivial solution y{x) = 0 . 


(39) 

Likewise 

y{of^ 
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Letting n become infinite, we obtain the two symbolic sdutiom 

00 QO 

(41) yi{x) -- HrOr-w), yr{x) =- H r ( x^+ n)’ 

To investigate the convergence of these infinite products, 
write r{x) = \-\-r'ix)\ the convergence then depends on 
that of the series — n) and ^/(aj + n). Expressing 

r'{x) as the quotient of two polynomials a(x)lh(x), we see 
that if the degree of b (x) exceeds that of a {x) by 2 or more, 
these series converge absolutely and uniformly in any finite 
region from which the points congruent to the zeros of hix) 
have been excluded by small circles drawn about them. In 
this case the products converge uniformly in any such region, 
and yi (x) and yr (x) are single-valued functions, analytic over 
the whole plane except for poles. I’he poles of yi(x) lie at 
the points congruent on the right to the poles of r(x), and 
those of yr(x) lie at the zeros of r(x) and the points con- 
gruent to these on the left. 

Let us now attempt to find a power series in 1/x which will 
satisfy eq. (38). The rational function r(x) may be written 

(42) r (x) = ^ ) ’ 

where y is an integer and c„ ] 0. Direct substitution shows that 
a simple series cannot in general satisfj^ eq. (38), so we will 
multiply it by some suitable exponential factors, and substitute 


y(x) = b^ ^ "t" + • • • j 

in eq. (38). Using the expansion 

/ 1 

<a;+l)“'*+» -= (;r-|- 1 + - H 

fl,/- iog(i ; -- ) 
r(— 1 ’ ) 

-- (a;+ 1)“;/"'' /'" 


8 
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and removing the factor mf'' from both sides, we have 


Expanding both sides into power series in 1 /a?, and equating 
the coefficients of like powers, w'e sec that we must have 


h j ~ ''i .% + Co s'l , etc. 

These equations serve to determine the quantities a, h, d, 

3 , namely 

•^0 ^^0 

a — ft, h “■ 


d -- 


'•() 


^ «! -. ... '1 - 13 _ I — . '■* .0- I' - ..tc 

2' so~2cbUo / 


.So is arbitrarj"^, since a solution may obviously be multiplied 
by an arbitrary constant. The equation from which .s/jAso is 
determined is 

Inf |s;c+] — Icsic f Sic I — (!■ d^ -f- ■ • • j 

“ Co%|-l + Cl Sk -f- • • • , 


and if we put in the values already obtained for a, h, and d 
we see that the terms in sk t-i cancel and the coefficient of 
% reduces to —kco, which is different from zero. Heuc.e 
all the coefficients of the series can be uniquely determined, 
apart from the arbitrary constant multiplier. Eq. (38) is* 
therefore satisfied formally by the series 

44) H{x) cj £c ®o ^ "I" ‘ ‘j’ 

We naturally inquire under what conditions this series 
converges. If it does converge for \xA >B, *'(*) represents 
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n,i 


an analytic solution of eq. (38) in this region. If x makes 
a negative circuit about the point oo, ,V(*) is multiplied by 

(^umx ^ j on account of the multiple-valued factors 


^ ,U 

and x"” ^ But an analytic solution of eq. (38) cannot 

be multiple-valued, as we shall see when we obtain the general 
solution [cf. eqs. (51) and (74)]; hence Ave must have i* - 0 
and an integer. If this condition is satisfied, the 

function 



is analytic outside the circle |a;| — E, except for a possible 
pole at X ~ cc] inside this circle it has no singularities 
except poles, as is evident from eqs. (39) and (40), in Avhich 
n may be taken so large that x — n and x-\-n-\-\ lie out- 
side the circle; hence it must be a rational function R{x). 
Substituting cl^R{x) for y{x) in eq. (38), Ave see that 


(45) 


r{x) == Q, 


R (x 1 ) 




Conversely, if r{x) can be written in this form, eq. (38) has 
the solution yix) — c^R(x), in which R{x) may be expanded 

into a convergent poAver series in Hence e(}. (45) is a. 

necessary and sufficient condition for the convergence of iS{x). 

We see, then, that eq. (38) is satisfied formally by two 
symbolic solutions yi{x) and yrix) and by a power series Six), 
which may converge under certain conditions, but in general 
do not. Solutions of these types are characteristic of the 
most general homogeneous linear difference equation, and 
the essence of the proofs of our existence theorems will be 
a suitable modification of the symbolic solutions, with the 
aid of the series, so that they will converge. We proceed 
to obtain by this method two analytic solutions of eq. (38). 
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Let T{x) denote the sum of the first k terms of S{x), i. e., 
T{x) = aix) 8h{x), where a{x) denotes the product of the 
exponential factors and 8k {x) the sum of the first k terms 
of the power series in (44). For large values of x, T{x) 
may be regarded as an a^pproximate solution of eq. (38); for 
we may write 

8{x) a (x) (a^) + ^ + ^+ 1 ] ’ 

whence we have formally 


T(x+1) . >y(a;+l) 
T (x) ' ' 8\x) 


8k(x+l) 


8k(x)-i- 


+ 


«■(*) 1 


)[8k 




Sk I 

(.x+Ty'- 


dividing numerator and denominator by 8k{x) 8k{x L), and 
expanding in powers of we see that this is equal to 


1 + -V + 


% 




1+ + 


o'ix) 

_ I ^ (y) 


Sq x"^ ' 

where <r'{x), a"(x), and d{x) are all power series in - , 

and 6{x) is convergent for large values of x, since 

formally equal to r{x), i. e., to the convergent series (42). Hence 

differs from or r{x) only by terms of 

1 (x) tS{x) 

the (fc+l)st degree, so we have 


<46, + 

where |0(a;)|<ilf for |a;|>-B. It is in this sense that Tix) 
is an anoroximate solution of equation (38) for large values 
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In eqs. (39) and (40) replace — «) and 
by T{x — n) and Tix-\-n-\-l) respectively; if n is large in 
comparison with x, we obtain thus two analytic approximate 
solutions. Since the approximation appears to get closer 
as n increases, we naturally let and investigate the 

expressions 


(47) 


h(,x) 

dipt") 


; 

w-^00 r \ X ) 

lim r{x— 


/•(«+ 1) 

1) r{x — 2)' 


• •r(x — w) T{x — «) . 


If these limits exist, h (x) and are solutions of eq. (38), 
as may be readily verified by substitution. Moreover, the 
solutions are independent of the value of k\ for if T'{x) 
denotes the sura of the first 1: terms of H{x), then for any 
fixed value of x 


lim 

U 00 


r(x + -a-f 1) 
T{x-\-n-\-l). 


lim 
./•— >00 


rjx — n) 

T{x — n) 


1 . 


To prove the convergence of h(x), let 


(48) 


HnXx) 


^ . 1 

/•(a-) r(.T+l) 


I 

r(.r-}- w) 


r(x + w + l); 


this may be Avritten 

7V.A Tjx+ n+l) 

nn[x) - 1 W T{x+1) ■" /-(x+w) Tix+n) ’ 


or, by (46), 


ij. “Jj+iil fij. 

^ (x+ i)''+i J ■ ■ ■ L Wi-nf+^ J 


Accordingly we have 

(49) /^(x) --- ^lim^ fi»(x) -- 7’(*) n [l + ] • 


If X is in the right half plane and \x\'> R, or if x is. in the left 
half plane and |v!>i2, then |d(x+n)l<ilf for every value 
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of n. The infinite product converges uniformly in the neighbor- 

hood of any such point, since the series 

■converges absolutely and uniformly. Moreover the relation 


Unix) — 


1 


1 


r{x) rtr-f- 1) r(x-\-m — 1) 


I Mn mix 


mi 


which follows directly from (48), shows that Hn{x) converges 
also in the region excluded above; for m may be taken so 
large that x + m lies in the right half plane and x -f m | : • /•’. 
The only points at which Unix) does not converge; are the 
zeros of » (.r) and the points congruent to them on the left. 

The function h{x) defined by eq. (47) is therefore a solution 
of eq. (38) which is analytic throughout the finite part of 
the plane except at certain isolated sets of points. Since 
a convergent infinite product can vanish only when one of 
its factors vanishes, eq. (47) enables us to locate precisely 
all the poles and zeros of h{x). The poles lie at the zeros 
of /(.*) and points congruent to them on the left, and the 
zeros lie at the poles of r{x) and points congruent on the 
left. The orders of the poles and zeros are of course the 
same as those of the coiresponding zeros and poles of r (./;). 
In case r(x) has a zero of order ?. and a pole of order at 

two congruent points, 
then at points congru- 
ents on the left to both, 
h (x) will have a pole of 
order X — /* or a zero of 
order /« — /, according 
as or X if 

X (i, h, (x) will be 
analytic and different 
from zero at such points. 
At the point co /t(x) in 
general has an essential singularity. On account of this 
distribution of poles and zeros, it is evident that if a circle 



Fig. I. 
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of sufficiently hu-ge radius E is drawn about the origin to 
include all the finite poles and zeros of r{x), and lines tangent 
to this circle are drawn parallel to the negative axis of reals, 
all the singularities of h (x) will lie in the region thus enclosed, 
and in the region D outside it will be analytic and different 
from zero. 

It remains to discus.s the behavior of h(x) in the neigh- 
borhood of X oc . Jf ./■ lies in the region 1), for which 
E is taken sufficiently large, we have from eq, (49) 


i h{x) 

I 


1 1 

n 

! ii 0 

1, I d(j! -l- tt) 1 

[. (x- 4 ».)*+’ J 

-1 

irrl 

M 


< II 

I ' 

1 j 

^ (x-t-wY'- i i J 





lieiice by the iiiequiilities (28) and (29) 



V ( ,» .i 




2M I 1 . _^\ 

^ ifc \ ! r ! ' 2 / J 


('/ > 0). 
(m, - C 0). 


The right hand members vanish at x ----- oc to the /cth order 
in X and v respectively. Hence if x-^<x> in any direction 
except parallel to the negative axis of reals, 


lim 



-- 0 ; 


this is true in the left half plane as well as the right, since 
along any ray through the origin jr' is proportional to \x\. 
Using the definition of T(x), 'we have 


lim £C*~* 

.-Z?— >QO 


h{x) 




2 




+ 




0; 



40 


LINEAR DIFFERENCE EQUATIONS 


since this is true for every k, h(x)<^Six) in the sector 
— 7r<aj:^aj<?r. 

A similar discussion may be made of the solution ffix) 
defined by (47). The results for both solutions may be stated 
as follows. 

Theorem. The linear Jiomoffmeons differetiee eqimtion 

is satisfied, formally hy the series 

I . \ 

,S(x) ~ - jgji .j- 3_. . .j; 


there exist also two analytic solutions 


Ho) 


!l{^) 


_ r 1 1 

'HX) W+D * 

— lim r(x — 1) r{x — 2) 

»-»oo 


1 


r(.T+ ») 
.. r(.T- 


T(o;-\-nf\), 
n) T{x—u), 


where T{x) w the sim of the first k terms of S(o). 

The solution h{x) is analytic throuyhout the plane except 
for poles at the mros of r{j) and paints coiifirmiit on the 
loft-, it vanishes at the poles of r{x) and points amyrmnt on 
the left’, it is rept'esented asymptotically hy S{x) in the sector 
— The solution r){x) is analytic throayhout 

the plane except for poles at points congruent on the right to 
the poles of rtpl)-, it vanishes at points congruent on the right 
to the zeros of /'(»); it is represented asymptoticaUy hy S{x) 
in the sector Q arg x . 

The solutions /<(*) and g{x) are called the first principal 
solution and the second primdpal solution respectively. They 
are imiquely deteimined (apart from a constant factor) by 
their asymptotic properties. For suppose a solution h' {x) 
different from h{x) were also represented asymptotically by 
Siof) in the right half plane; consider their ratio, which^ as 
we have seen, is a periodic function j>(ip)- x -*-cc along 

a line parallel to the axis of reals ; since h{x) and h'ix) have 
the same asymptotic form, their ratio p (.*)->!; but since 
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piaa) is periodic, it must therefore be equal to 1, i. 
A'Caj) = /<(*). This argument may be applied if only the 
first term of the asymptotic form is known, for even then 
the ratio tapproaches 1. Similarly, Ave can show that 
is the only solution which is represented asymptotically by 
in the left half plane. 

§ 2. The gamma fvmction. 

Among the equations of the form (38) there is one of 
particular importance, namely 

(50) y{x-\-\) ^ ^ .ry{x). 

If (i{x) denotes any solution of this, .we can solve eq. (38) 
in terms of fr(.r); for if we write / (./•) in the factored form 

, , _ (* -«i) (ao — «s) ••• (r -«w) 

'■ (x-^2) • • • (;»;-/»«) ’ 

it is easily seen that (38) is satisfied by 

^ f/Or— «i) (r(.r— «a) ••• _ 

(t)l) y[x) e,, f;(i— yS,) ... a{x- fi,i) ’ 

the general solution of (38) is obtained by mnltiplying this 
by an arbitrary periodic function. 

The first principal solution of cq. (50) is called the yamma 
Jundim, and is denoted by /'(x). This function, which 
possesses many interesting and elegant properties, was first 
introduced into analysis by Euler, about 1730. Since that 
time it has been extensively studied.* It has been customary 
to define the gamma function either as an infinite product 
or as a definite integral [eqs. (53), (69)], and to deduce 
incidentally the fact that it satisfies the difference equation (50). 
Here, however, we make the difference equation fundamental, 
and we shall see that the most important properties of the 
function are readily obtained from this standpoint. 

* SeeKi6\sen:Hamlbmh(kr TheoriederGammafunktion. (Leipzig, 1906.) 
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The formal series for eq. (50) is 


1 


(52) ~ T^i‘ So (1 + VA— + ? 


1 


139 


i2s- 2HSx^ 51840.r* 


...), 


since here ~ 1, co — 1, ci = Cj. = • • • — 0; So is a constant, 
which for the moment we will leave arbitrary. 

If we take for Tix) the first term of Six), we have from 
(47), using n — 1 instead of n. 


J'ix) lim — 

X iC+l 


X \ n — 1 


ix-\-7i) 


x-\-n— - - 


e 


‘So; 


similarly, 

/’(I) 


lim ^ (m 4- l)**^ - c " ^so, 

II— >OC * " 


and by division we have 


f >•) , 1 . „ _» ! ” V''" ' ( "'■ +!i ^ 

/'(I) n->x x(x + !)••• (x + « — 1 ) \ n I \ « + 1 / 


/A 


The last two factors cancel each other, since 


lim 

w— ^00 






For the preceding factor we have 


lim 

n-»oo 



lim 1 )^ 

II — ^OO 


where / maj- be any integer. In order that r{x) shall have 
a definite meaning, it is necessary to choose a particular 

a?— (a?— log .'4:; 

determination of the multiple-valued factor x ^ = a 


in 8{x)] let us take — 7f<arga?^7r, so that a? ^ is real 
when X is real and positive; then the arguments of x-{-n 
and 1 -\-xln approach 0 as n~>oo, whence / = 0 and the 
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limit above is 1. Let us now choose the constant .sy so tliat 
r(l) 1.* Then 

('» — 1)! 


<53) 


I\t) lini / I ,x 

«->ixj x\x-{- 1) • • • (.T -t- n — 1) 


By the theorem of § 1, r{x) is analytic throughout the 
finite plane except for poles of the first order at x - 0, 

— 1, — 2, •••; it has no zeros. For large values of x. l\x) 
is represented asymptotically by the series (52) in the sector 

— /r<'arg.7 < yr. Since /’(!) — 1, we have directly from 
eq. (50) 

r(2) 1 . /’(I) 1 , /’(») 2 • 1, • • /’(»- 4 - 1 ) = «!, 


where « is any positive integer. By eq. (53), the residue 
of r{x) at the pole ./• - — k is 


lini Or-l'/c) ./’Or) 

V-j-- k 


lim 

11 — >00 


( — I)*-' in — h'){n 


(-!)'•• 

k\ 


n'^ 


(«— 12 


'The infinite product (53) may 
following forms: 


1 

(54) r(x) = I n 


(*•+«) 


be written also in the 


1 

11 I 



.r 


1 - 1 - 


n 


Another standard expression for r{x) may he obtained as 
follows: 


r{x) 


lim 

«->oo 


lim c 


*(1 


1 

X 

1 


1 2 n — 1 

I x-^2 x-\- u — 1 


(05) 


;i->QO 


X .4 f. X + n 


1 

X 


CO ;>• 


n — 1 
;;/• + « — 1 




* The requiml value is ' 
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where 

(66) C = (l + i + + ■ • ■ + -log«) ■ 


To prove that this limit exists, we note that (56) may be 
written 



where 0 <»,<!, ‘for by Taylor’s Theorem 


log 


. 9 -)- 1 



I' + f) 


1 

* 2 >' 


Since and s are positive, the series is tenn by term less 
than the convergent series 2 ^-* ’ therefore the limit V 

exists. It is known as Euler's amstanf, and has the numericat 
value 

C 0.5772156649 •••. 


The second principal solution of eq. (50) we will denote 
by fix). By the theorem of § 1 it is analytic throughout the 
finite plane, and has /ei-os of the first order at « — 1, 2,3, ■ ; 
since it has no poles, it is an entire function. It is represented 
asymptotically by the series (52) in the sector 0 < arg 
The function fix), like r(a-), is not completely determined 
until we have chosen a value for the constant .vo and a 


particular determination of -. We will give sq the same 
value as we did for /’(x), and take 0<argaj<27r. It 
follows that I'ix) and Fix) are represented asymptotically 
by the same determination of Six) in the upper half plane, 
but in the lower half plane the determination for ir(a:) is 
obtained from that for r(«) by increasing the argument of 

X by 2iT, which changes Six) to e Six). 

The function /'(a;) can be expressed in terms of Fix). 
Since they are both solutions of. eq. (50), their ratio must 
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11,2 


be a periodic function; let j)(a;) — l'{x)/r{:r). and consider 
the behavior of j){x) in any period strip, say 0 < « ^1. 
Prom the properties of r(x) and r{x) it is evident thalpf-r) 
has no poles, and that is vanishes only at x --- 0, so it is 
analytic throughout the finite part of the strij). At the upper 
end of the strip since /’(*■) and /'(.r) are represented 

asymptotically there by the same determination of At 

271 / (.>: ■ 

the lower end of the strip /’Or)~tS’(a;) and »'>’(•*). 

^7ii ^ 

so pix) behaves like v - which becomes 

infinite as x-^ca in the strip. Hence, by the theorem of § 2, 
Chap. I, p (.'/■) is a rational function of Since p{x) vanishes 

to the first order at x 0, it innst contain a factor 




— 1 in the numerator. Since it has no finite poles; tht' 
denominator can contain no factor of the form — «(« | 0), 
and hence p(x) must have the form 1). The 

behavior of p{x) at the lower end of the stiip sliows that 
k --- 0, c — 1 ; hence we have 


(57) 


r(.r) {\—t^»>^')r{x). 


This formula enables us to study the behavior of r(p-) as 
x-^cc along a ray parallel to the negative axis of reals. 
Since r{x)'^S{x) along such a ray, we have 

Suppose first that the ray is above the axis of reals; the 
periodic function differs from 1 by a quantity of the order 
of so we can write 

+ ^ 0 ^ 0 ] 

where /t{x) is a periodic function whicli approaches zero 
exponentially as v increases. Hence r(x)'^ Six) to a degree 
of approximation which can be made arbitrarily close by 
taking the ray far enough above the axis of reals. 

If the ray is below the axis of reals, v is negative, and 
the periodic function differs from by a quantity of 
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the order of Hence f '(®)~ — to an arbitrary 

degree of approximation if the ray is sufficiently far below 
the axis of reals. Here S(x) denotes the determination of 
the series for i'ix), i. e., for arg« near u, which, as we saw 
above, is equal to that for arga; near — tt multiplied by 
— ()27i#r jf yfQ ygg ijjg latter determination, as is more 
natural here, we have r(x)'^ Six). 

In the same way we see that r(a;)~iS'(£i;) to an arbitrary 
degree of approximation along rays parallel to the positive 
axis of reals and sufficiently far iibove or below it. 

The gamma function is connected with the trigonometric 
functions by the relation 


(58) 


r(x)rii-x) 


jT 

sinTTr ’ 


which was discovered by Euler. To prove this, write /’(I — x) 
— xPi — x), by eq. (50), and express Fix) and /’( — x) 
by means of the second product in (54); we thus find that 


Fix)Fii—x) 



A comparison of this with the infinite product for sin a;, 
namely 


sin a; 



X* \ 
w* Jr* / 


at once gives us (58). For x eq. (58) yields the 

numerical result /'(i) — Ktt. 

By expressing sin/ra; in terms of e^'^, we can write (58) 
in the form 


(59) 


J f^nix ’ 


/’(a-) /'(!-«) 
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this and (57) give us another expression for 

(f(\\ rt \ 

m “ r ( i -x) • 

We will now determine the value of the constant ,% in (52). 
Since /■(.*) ~ we may write for large values of x (except 
near the negative axis of reals) 

((31) r(a:) ./"^r’...,[l+.(^;)], 

where lim «(.c) - O. aiid x - denotes the branch of the 

.i7— > 00 

function for — n arg.r ;r. Hence 

(62) '(- .»•) 

= - (—1) - A‘g[l + f'(i<;)], 

where lim *'(;/) — 0. Since tin; argunnmts of both ,/• and 
00 

— X must lie between — it and ;t, if we take ;/• in the uppei- 
half plane we have arg( — x) - ■ arg;/' — vr, so that the 
factor — 1 , which represents the ratio of — ./• to x, has the 
argument — ;t. Hence in the upper half plane; 

' . xf ' 

(—1) - - (e . 

Equating the values of r{x) /'(I ~x) in (62) and (51>), we 
have for large values of x not near the axis*of reals 


■"'oil "f 


If now we let x -> ao parallel to the positive axis of 
imaginaries, we get .s^ 27i, or s„ == ^'2?^ (the positive root 

is taken, since r(x) is positive when x is real and positive). 
Putting this value in (61), we have 

I 

(63) r(x) -= /'‘2 K27r [1 4-*(>c)], lim t(.x) -- 0, 

.t7~>00 
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ill the sector — iT<arga'<nr, or, by (52), 

5i846x» 

By division (cf. the expansion (43)) we obtain the following 
two results, which we shall need later: 


(65) 


J’(.r + fi) 

iS'(a; + c) 
Six) 



Six) 

^ - 


r{x: — c) 

Six— c) 

\ 2x ' 1 


where c is any constant. These hold in the same sector 
— 7r<arga;<7r. 

The gamma function satisfies the relation 



which is known as 6'«as.s‘'s mnU'qdkation theorem^ it is useful 
in the numerical computation of /’(.r). To prove this, let 
<f{x) denote the product in (66); then 


(67) v- (»■ ;i- ^-) = I I /' {x + -- XH> ix) . 

This difference equation with interval Mn may be transformed 
into one with inten^al 1 by setting x ■— gin, y (gin) ^ - /(?), 
which gives 

/(■?+!) = 

a solution of this is by (51)/(g) — n~^ I' {z), whence a solution 
of eq. (67) is {(x) — «~”*/’(w®). Since 5 (>(a:) and 5 P^(a:) are 
both solutions of eq. (67), their ratio f(oc)lf'ix) ~p{x) must 
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n,2 


be a periodic function of period l/«. Consider the behavior 
of p{x) in some period strip, say since 

neither ^{x) nor {x) vanishes or has any poles in the strip, 
p(x) is analytic and different from zero in the entire finite 
part of the strip. To investigate p(,x) at the ends of the 
strip, we use the asymptotic forms of <p{x) and 


n 

l,(x) = 




k 1 


a;+- 


11- I 

-w.r— 2 — 
fc- 1 n 


{2ny 


H 


(nx) 


V^2n 


[1 + tjix)], 


where lim i]{x) = 0; this holds at both ends of the strip. 
>00 

Since 

, k 1 

k 


lim 

a?-»oo 




X 


. Ic 1 

'+7r'-i 


lim (l-F 

^^00 \ nxl 


•>: (i+ A' 

\ nx^ 


k _ 1 

JcV^ ^ 


h 


we maj" write 


n 


n—l 


i){x) 


X " M2/0 

k—0 

1 1 

— - n;v~ - 


[i + V(^)] 


n X 

(2x) - [1 (x)]. 

Thus 2 ?(a;) is a function analytic throughout the entire strip 
and finite at qo ; it must therefore be a constant, namely 

1 n— l 

(2 n) 2 , Hence 

1 1 

f(x) = n‘^ {2 n) ^ f/ (•■»), 


from which (66) at once follows. 

In addition to the various infinite product expressions 
which we have derived, the gamma function can be expressed 


4 
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PO 


Rs a definite integral of a type which plays an important 
part in the theory of linear difference equations (cf. § 7, 
Chap. in). To pi’ove this, let us write 

(68) G (a) = vit)dt, 


and investigate whether it is possible to determine the un- 
known function v(t) and the path of integration so that 
G{x) shall be a solution of eq. (50). Substituting this integral 
for y{x) in eq. (50), we obtain the condition 


P v(t) d t — X V (<) dt, 0 , 


or, if we integrate the second tt'rm by parts, 




t'v'{i)dt =--■ 0. 


-t 


This condition is satisfied if v'(t) — v{t), Avhonce c(t) a- 

provided the path of integration is so chosen that t* v{f) has 
the same value at both ends. Tf ii, the real part of x, is 
positive, we can take the path from 0 to oo along any ray 
in the right half plane, and in particular along the positive 
axis of reals. Thus 


6r (x) 


x 


(■ I F ^ e * dt 


is a solution of eq. (50). This is an improper integral, which 
converges uniformly in the neighborhood of every point in 
the right half plane, and so represents there a single-valued 
analytic function without singularities. Let us impose the 
condition that 0{l) ~ 1 ; an evaluation of the integral shows 
that we must have c — 1 . 

In order to identify G{x) with r^x), we proceed to study 
the periodic function jp (a) — 0{x')ir{x)* Set t = xt; then 

X OO 

e-^ dr, 


* Cf. Birkhoff: Bull. Amer. Math. Soc., (2), 20 (1913), pp. 7-8. 
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where the path of integration may be taken as the axis of reals 
(argr — 0). This can be expressed as the sum of two 
integrals with the limits 0,1 and l,oo. Let x be any point 
in the period strip 1 <u<i2-, then 


r 

Jo 


-1 


^ e (It 


X' 

X‘« 


i “ ^ e df 


e-Ult = 1 - 


J. •“ 

X 


’ e d r 


re: dr <7(5 


1 , 


since by eq. (50) 0{2) -= tr(l). Hence in this period strip 
|(?(a:)|<2| For large values of x in the strip we have 


/'(.xOI 


1 , 

X e 1/ 2 71 (1 -h «) I > I ^ 


These inequalities show that |p(a;)| < 2 la;! at both ends of 
the period strip. Write p{ai) — qiz), where z — 
transformation maps the unit strip in the a;-plane in a (1,1) 
manner on the entire .e'-plane. Since botli 0{x) and J'(x) 
are single-valued and analytic in the finite part of the strip, 
and since r(x} X 0, q{z) is single- valued and analytic at 
every point of the ^-plane except possibly at = 0 and 
z — <x> , which correspond to the ends of the period strip. 
But 


\zq{z)\ 


2ki 


]og^| 

27r/ !’ 


which approaches 0 as ,s^0; hence zq{z) is analytic and 
vanishes at z — 0. Likewise q{z)lz is analytic and vanishes 
at z --- 00 ; q {£) is therefore a single-valued analytic function 
which has no pole in the entire plane; accordingly it must 
be a constant,* namely 1, since (?(!) = /’(!)• Thus 

* Cf. Osgood: Lehrbuch der Funktionentheorie I (2nd ed.), p. 310 
(Riemann’s Theorem) and p. 300 (Liouville’s Theorem); or Burkhardt- 
Rasor: Theory of Functions of a Complex Variable^ pp. 255, 230. 
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(69) r{x) (m>0). 

To obtain an integral which shall be valid in the entire 
plane, let us take for the path of integration a loop circuit L 
about < = 0, starting and ending at < = oo and enclosing 
the positive axis of reals;* this gives a solution of eq. (50), 
since F t; (f) or F e~‘ vanishes at both ends of the path. We 
will let argf increase from 0 to 2?! on L. We may con- 




Fig. 3. 


sider the path as consisting of the axis of reals from oo to e, 
a small circle of radius s about < = 0, and the axis of reals 
from e back to oo (Fig. 3). If > 1 , the part of the integral 
contributed by the circle approaches 0 as e-^0, and the 
first straight line integral approaches 

I = — f'(»)- 

C/00 

After a positive circuit of < = 0, the multiple-valued func- 
tion is multiplied by == Consequently we 

have in the limit for the return path 

Jo dt ~ r (a:). 

* Any other ray in the right half plane could of course be used in place 
of the axis of reals. 
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Combining these results, we see that 

(70) = (^^—l)r(a;) - —r(x). 

This loop-inte^al represents a function analytic throughout 
the a;-plane; F(a:) is also analytic throughout the plane; 
therefore eq. (70), since it is true for the half plane «>!, 
must be true for the entire ic-plane. We obtain thus an integral 
formula for ^(x), and also a second integral formula for 
r(x), namely 

(”) '■(*) = 

which is valid throughout the plane except for positive integral 
values of x, where it is indeterminate. 

If we set t — Hr in eq. (70), we get 

(72) r{a:^ — - I e 

*jK 

where K is the contour into which 
L is transformed by the substitution 
t =-- l/'t, namely a loop which starts 
from r “ 0 in the right half plane, 
makes a positive circuit about r — oo 
(i. e., a negative circuit about t; = 0), 
and returns to r = 0 (Fig. 4); on K 
arg r decreases from 0 to — 2n. 

If we make this same substitution 
in eq. (69), we get the formula Pig. 4. 

poo 

(7.3) /’(a) = r-^-^e '^ dr, (it > 0). 

§ 3. Applications of the gamma function. 
Allied functions. 

.4. Explicit solution of eq. (38). We saw at the beginning 
of § 2 that the general solution of the equation 



(38) 


y(x-\- l) — r(x)y(a!) 0 
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can be expressed in terms of any solution of eq. (50). Since 
the latter equation is satisfied hy r(x) and r(x), two particular 
solutions of eq. (38) are 

m m 

r(x — «fc) n '?'(«—«/£) 

(74) y^(;r)-c- 

Ac) 

,.i fc=l k—l 


Replacing r and /’ by their asymptotic forms and simplifying 
[cf. (43)], we find that yi(:jc)'^8(x) [eq. (44)] in the sector 
— 7t< arg x <n: and yi{x)'^8(x) in the sector 0<arg;i' 
<27i\ yi{x) and y^ix) are therefore the first and second 
principal solutions of eq. (38). 

These solutions are connected by the relation y^ (./;) — pi:x;) yiix), 
where p{x) is a periodic function; its form can be determined 
directly by means of eq. (57), namely ' 


(75) 



m 


/ C -^1 

n 


(1 — 


B. Summation of rational functiom. The function ^ {x). 
We considered in § 2, Chap. I, some examples of sums, and 
observed that the sum of a polynomial is another polynomial 
of the next higher degree; in fact, we have 





Any polynomial P{x) can be expressed linearly in terms of 

/ oo\ 

1, X, („ ,•••, since these are polynomials of degrees 0, 1,2, ••• 

respectively; hence 
(x\ IxX 

\2l’\sj’ ■■■■ 


^ P{x) is the same linear function of x, 
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Consider now any rational function r(x) — P(a:)-4- Q(a:), 
where P{x) is a polynomial and Q{x) a fraction Whose 
numerator is of lower degree than its denominator. Qix) can 
be broken up into partial fractions of the form c/(,x — «)”*, 

so we will seek an analytic expression for s 
From the equation -/’(*' H"!) ~ xr{x) we obtain by 
logarithmic differentiation 

_ 1 , i''ix) 

"iXa-l i)“ '■ X r(x) ’ 


or, if we denote by U^{x) the logarithmic derivative of /’(a;), 




+ W(3?). 


Thus V^C'c) satisfies the difference equation 
(78) yix+l)—y{x) = 

which is of the form (6). Hence by the definition of summation 
we may write 

Differentiating eq. (77), we have 


whence 


Wix+l) = 


Sl-i 


-A + 4z 

ar (lx 


iPix)-, 


similarly, by repeated differentiation, we have 


^ ( — 1)”* m ! _ 

^ t 

from which we infer directly that 


Wix), 


Q„L_ 

e) (x—a) 


( - 1 )"-^ W{.—ay 

fwi — 11! 
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If we denote by W{x) the function r'(x)ir{x), which also 
satisfies eq. (78), we obtain in the same way another evaluation 
of this sum, namely 


(80) 


s 


1 


{x — «)” 


(— 1)*»2^ 
(«* — 1 )! 




^P{x — «). 


We are accordingly able, by means of formulas (76) and 
(79) or (80), to express analytically the sum of any rational 
function. Furthermore, since log r{:r) satisfies the difference 
equation 

2 /( 3 ;+ l) — y{x) -- log./-, 

we see that 

^log3.- — log/’(3-). 

f 

Since both W{x) and >P{x) are solutions of eq. (78), their 
difference must be a periodic function, whose form can be 
obtained from eq. (57) by logarithmic differentiation, namely 


(81) 


Vf{x) 


2ni 

] ^—27iiv 


W(x). 


Prom Euler’s relation (58) we obtain the con-esponding 
formula for ^P{x): 

V^(l —x) — (.r) = n cotnx. 


C. Asymptotic forms of^{x) and ^{x, 1, k). If in theorem V 
of § 6, Chap. I, we put 

y>(x) = log(l+«) --- X — I .'/•^+ I a;® , 


fW) 


r{x) 


X 


2 />■ ’X 


V2n 




1 , 


139 


I2x ^ 288a;* 51840a;* 


• [see (64)1, 
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it follows that 

y (/(»)) == log --- 

X ^ 2 JT 

- J I8{x)y + y [8{x)r — . . , 

log/’(a;) — i^x— “I log* + log2yf 

(82) - 1 1 I 

~ i2a- 

this holds in the sector — ;r<ai’ga;<7r. By differentiation 
(cf. theorem IV, § 6, Chap. I), 


(83) 

*P(a:) 


2x \2x^ 

1 

120a;' 

(84) 

A 

dx 

Ju 

^ 2;r;* ^ Qx^ 

1 

30«® 


in the sector — 7 r<arg(a; — a)<7i, where a is an arbitrary 
positive real number. These same formulas are true for ^{x) 
in the sector 0<arg(a: + a)<27r. 

We are now in a position to determine the asymptotic 
form of the function 

1 /■ /•* 

0{x, r, Ic) ^ + (a; jpi)* + (.x + 2)* 

for the case r — I, 2, which was not considered in our 
discussion in § 7, Chap. I. Take first the case h — 2. The 
equation (27) satisfied by ^{x, 1,2) is 

y{x-{-\)—yix) ; 

but this equation is also satisfied by ~ ^{x), so the difference 

~ip{x) — 0{x, 1, 2) must be a periodic function. Let 

xt*<x> along a line parallel to the positive axis ofreals^ by 
(84) and by (33) both these functions and hence their 
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difference approach 0. The difference is therefore identically 
zero, so 

(85) ± ».(.=) == ®(^, 1,2) = i + ^-,)T + (,,|2)T + 

the asymptotic form is given by (84). Likewise we find that 

"" ~2a)(«,l,3) = — “(a;+i)» ’ 

etc. These results enable us to determine the asymptotic form 
of © (a-, 1 , Jc) for any /c ^ 2. • 

From eij. (85) we obtain by integration 

"'(*) - "'(» - - B - (^+T - 2 ) . 

U-.... 

U + 2 3/ 

But by eq. (55) 

logr(a-) = -Cx-\ogx+2^{^l +log 

where 6' is Euler’s constant; differentiating and setting a — 1, 
we have 

(86) .-.KCx) -= -c'-J: 


It is easily verified that this series converges uniformly in 
the neighborhood of every point except a — 0, —1, — 2, • • 
where *F(a) has poles of the first order with residue — 1. 
D. The beta function. The function 


(87) 


jB(a, y) 


rjx) I 'W) 

T{xi-y) ’ 


which is known as the beta function, is important in the 
study of certain difference equations. Most of its fundamental 
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properties can be deduced at once from its definition; e. g., 
B{y, x) B{x, y), 


( 88 ) 


B{x, y+ \) = 


The beta function can be expressed as a definite integral, 


namely 

(89) y) - (I - <)•"- ’ dt, 


which is valid for ii(a;) >0, Eiy)'>0* To prove this,i’ let 
I(x, y) denote the integral. By integration by parts, 


xTix, //^■ 1) ylix-\-\, y); 

also we have 

2ix,y+l) -J/- ^{l-trH\-t)dt 

- l{x,y)-Iix + h y). 

From these two equations we see that 


lix + 1 , 2 /)- - Kx, y), /(*, 2 / + 1) - ^ ^ ^ 1 {X, y ) . 

Comparison with (88) shows that i (a;, y) and Ji{x, y), regarded 
either as functions of x or as functions of y, satisfy the 
same homogeneous difference equation. Their ratio p{x, y) 
= l(x, y)/li{x, y) must accordingly be a function which is 
periodic in both x and y. 

Consider the behavior of p {x, y) in the period strips 
1 ^i2(x)<2, 1 <i 2 ( 2 /)< 2 ; it is analytic in both variables 
throughout the finite parts of the strips, since both I{x, y) 
and B{x, y) are analytic there and B(x, y) does not vanish. 
Give y a fixed value 2/0 in its strip; then 

* R{x) and R(y) denote the real parts of x and y. 
t Of. Birkhoff: Bull. Amer. Math, Soc.y (2), 20 (1913), pp. 9-10. 
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and for lai^e values of x in its strip, by (.65), 


\Bix, «/o)l — 1 B(yo)\ 


r(x) 




• A: I a:: I 


where A: is a suitably chosen positive constant. Hence as 
a;-»QO at either end of its strip 

!p(a;, «/o)! <y|a^*l- 

If now we set p{x, yo) = where s we see as in 

the corresponding argument for r{x) in § 2 that q{z) is a 
single-valued analytic function which remains finite in the 
entire plane, i. e., it is a constant. By exactly the same 
reasoning, if we give x a fixed value xo in its strip, the 
function p{xq, y) is a constant. Since B(l,l) ■= ■ J(l,l) = 1, 
we must have p{x, y) — \ identically; this proves eq. (89) 
for R{oc) >0, JS (y) > 0 . 

The integral (89) is sometimes called the first Eulerian 
integral, while the integral for r{x) in eq. (69) is called the 
second Etderian integral. 



Fig. 6. 

We can obtain an integral expression for B{x, y) which 
is valid for all values of x and y by using as the path of 
integration instead of the straight line from 0 to 1 a double 
loop contour A which starts at a point A, -makes a positive 
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circuit about < — 1, then a positive circuit about / — 0, 
then a negative circuit about t — I, and finally a negative 
circuit about t — 0, returning to its starting point. We may 
regard the contour as consisting of the axis of reals from * to 
1 — e, traversed twice in each direction, and small circles of 
radius s about 0 and 1 , each traversed once in each direction. 
Let A be the point t, and along the first rectilinear portion of 
the path take arg t — arg (1 — 0 — 0; the integrand in 
(89) is multiplied in succession by <r^^, e 
after traversing the circles in the order indicated, and thus 
returns to its initial value when the contour is completed. 
If the real parts of r and y are greater than 1, we can 
let c->0; the part of the integral contributed by the circles 
then approaches 0, and Ave obtain in the limit 


(1 





^ (It. 


Hence for > 1 , E{y) 'y> 1 wc have 

(90) ^ (1 — t)y~^ (It -= (( — (1 — y). 

But both sides of this equation are analytic for all values 
of X and y, and hence the equation is true in general.* 

The functions ?/^(a) and B{x, y) treated in this section 
and Pq (x), Q^, {x) in the following section are examples of 
a numerous class of interesting functions which are closely 
related to the gamma function. Many treatments of the 
gamma function, indeed, are based on a preliminary study 
of W(x). For a more detailed discussion of these and other 
functions, most of which satisfy simple difference equations, 
the reader is refei-red to Nielsen’s Handbuch der Theorie dec 
Oammafunldion, and to the works cited in the “Literatur- 
verzeichnis” of the latter. 


§ 4. The general equation of the first order. 

The general linear difference equation of the first order 
with rational coefficients 


* Osgood: Lehrhuch der Funktionentheorie 1 (2iid ed.), p. 319. 
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(91) yipe + 1) — /’i {oc)y{x) ■= n{x) 
has by eq. (20) tlie solution 

(92) = + 

where yi{x) is a solution of the associated homogeneous 
equation 

(93) y{x-\-\) — u{x)y{x) — 0. 

The most general solution of eq. (91) may by eq. (21) be 
written in the form 

y{x) ^(aL0+i)(a0j^i(a.'), 


where ^ (a;) is a particular solution and j) {x) is an arbitrary 
periodic function. 

From eq. (92) we obtain the two symbolic solutions 


yr (a?) yx 

yi (^) ^ yi 



yi(a;+1) 
»s(»'^l)_ , 


rg( x+ l) 

yi(x + 2) 

/•g(a— 2) . 1 

^TF-n + '-J’ 


which satisfy eq. (91) formally. If we eliminate yi(x) with 
the aid of (93), these take the simpler form 


(94) 


yr(x) =-^ 


r»0 e) Mx + 1 ) 

ri(x) /•i(a;)r,(x+l) 

f's (x -j- 2) 

r, (x) r, (x + 1) r, (x + 2) 


yi (x) •-•=^ rg (x — 1) + (x -- 1) rg (x — 2) 

I +r, (x — l)ri(x — 2)rg(x — 3)-| . 


As in the case of the homogeneous equation (38), a power 
series in 1/x can be found which satisfies eq. (91) formally. 
If we write 
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r, (or) = xf* |co + “ + + • • ’j > 

(fo i 0), 


r. (x) — of ^ "Pr "I" ■ ' ') J 

W. 1 0), 


this series has the form 



if ji*>0, and 



if 0.* The coefficients may be detennined in any particailar 
case by direct substitution. 

With the aid of the symbolic solutions (94) and these 
series it is possible to prove the existence and study the 
properties of analytic solutions of eq. (91). The detailed 
discussion is rather long, however, and since it pi’esents few 
new points of interest, we omit it.t Any solution of eq. (91), 
as indicated at the end of § 5, Chap. I, satisfies a homogeneous 
equation of the second order with rational coefficients, which 
can be treated by the methods of Chaps. HI and IV. 

Among the most interesting of the functions which satisfy 
non -homogeneous difference equations of the first order are 
Prym’s functions 

X I /‘M 

~ J, c ^ (It'i 

these are special cases for q I of the more general functions 
(95) Pp («)--= 

where (> is any constant, I’eal or complex. The first integral 
is valid for ?y >0; the second is valid for all values of Xf 

* The case = 0, Co = 1 is an exception; for this we have in general 
the factor instead of x^, 

+ nf IT P Wi11in.TYis- Trann. Amer. Math. Soc.. 14 (1913). t)l). 209-240. 
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provided the path of integration goes to oo in the right half 
plane. Comparison of these definitions with (69) shows at 
once that 

for this reason Pq{x) and Q^{x) are sometimes called in- 
complete gamma functions. They satisfy the respective dif- 
ference equations 

as may be verified by substitution and integration by parts; 
both (as well as /’(«)) are solutions of the homogeneous 
equation 

(96) y {x -f 2) — (« -f ? + 1) y (.T + 1) + p » y (a) = 0 


(cf. end of § 5, Chap. I and § 2, Chap. IV). • 

Integrating Pq (x) by parts n -f- 1 times, we find that 


P„{x) = J, 


+ - 


1 . 

‘ (x 4' n) rfo 


,/;(j;+ 1) • • • (»4' «•) 


dt. 


If we set t~ QT in the last term, the integi’al becomes 

p®+»* ** (tdr, 

which is less in absolute value than 

Hence the remainder term approaches 0 uniformly as n-*cc 
except near a? = 0, — 1, — 2, • • •, and we have in the limit 


( 97 ) 
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This series converges uniformly in any closed region M'hich does 
not contain any of the points x — 0, —1, —‘2, •••, and 
so represents a function analytic throughout the plane except 
for poles of the first order at these points. Eq. (97) may be 
taken as the definition of P^{x) in the left half plane, where 
the integral definition is not valid. 

This expression for gives us an example of Avhat 

are known as factorial series, i. e., series of the type 


(98) 


99 

n—o ^ 


n ! fin 

^0 i + 


^^0 + 


3 

X 


210 * . 6! tfs 

X (a* -j- 1) X (.1' + i ) (./• 


2 ) 


■ , 


which are great importanc,c in the theory of differcnice 
equations, and have important applications elsewhere.* 

A partial fraction series for Po (x) is obtained if we expand 
e~* in (95) and integrate term by term, namely 


P^(ir) 



n 0 


n\ 


qii 

x-\-n ' 


This shows at once that the residiui of P^{x) at the pole 
X -- —k is ( — iyf k\, which is the same as that of /'(.r); 
hence ’which is equal to /’(r) — Poix), is aiialyth; for 

all finite values of x, and so is an entire function. 

It was proved by HOldert that the gamma function cannot 
satisfy an algebraic differential equation, and this result was 
extended by BaniesJ to the solutions of cq. (91). The trans- 
cendental functions defined by difference equations are evidently 
of an essentially different type from those defined by differ- 
ential equations. 

* For an introductory treatment of factorial series see Landau: Sitzungg- 
berichte Akad. Miinchen (math.-phys.), 36 (1906), pp. 151-218. 

f Math. Annalm, 28 (1886), pp. 1-13. Of. simplified proofs by F. Haus- 
dorff and A. Ostrowski in Math. Annalen, 94 (1925), pp. 244-261. 

*Proc. London Math. 8oe., (2), 2 (1904), pp. 280-292. 
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Exercises. 

1. Locate the poles and zeros of the principal solutions 
of the equations 

y{x-\r\) ^ |l ±—g j «/(»■). 

2. Obtain the explicit form of the periodic function 
jt{x) = h{x)lg{x) for the equations of ex. 1. 

3. Locate the poles and zeros of the principal solutions 
of the equation 

ij{x-\- 1 ) = ”^9 


and obtain directly the relation between the solutions. 

4. Verify the results obtained in ex. 3 by solving the 
equation in terms of the gamma function. 

5. Prove that a necessary and sufficient condition for the 
convergence of the formal power series solution of the equation 

,y (a; + 1 ) = j 1 + j y (•'/•) , 


where for \x '^•11, is that yiig') -— yri?^- 

6. Evaluate the sums 


s 


a; 


a:*- 




ix-ir 

at*“ 



7. Obtain the approximate value to four decimal places of 
0{x, 1, 2) for X = 100. _ 

8. Derive a series for VJ{x) similar to (86). 


9. Prove that 


10. If ./^(a;)>0, E(i/)>0, prove that 

1 / .V. \ 

, = 2''(2 )- 
(b) re’-'ia—ty-'dt — Kfei/). 
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11. Prove that if ii(a“)>0. 


1 

^Tti 



1)«'^ dt 


I'ix) 


where I is a loop circuit starting and ending at t — 0 and 
passing around f = 1 in the positive direction. 

12. Prove that if JBCas + y) < 1, 



dt 


r(i —x—y) 

ni-xynf-y) ’ 


where L is a loop starting and ending at t oo on the 
positive sixis of reals and passing around f = 1 in the positive 
direction. 

13. Find the asymptotic form of the factorial series 


\ I , I L. , 4- . . . 

X X ix + i ) aJ (•'■ + 1 ) (^•' + 

and hence of Prym’s function Fix). . 

14. Obtain the power series which satisfy formally the 
equations 

(a) 2/(a:+l) =-^ --li 4y(a;); 

Jb 

(b) !/(,'/;+ 1 ) — .(/(») = — ; 

(c) y (x + 1) — U) ~ • 


15. Investigate the convergence of the symbolic solutions (94). 

16. Solve the equations 

(a) y (x- + 1) - (l — y ix) -- X + 1 ; 

(b) xy{x-]r\) — {x-\-\)y{x) 1. 

17. Find a definite integral solution of 

y{x-\- \) — 2y{x) = 

^Hint: ~ =r dfj . Express this solution as a factorial 

series and as a partial fraction series, and discuss their 
convergence. 


5 * 



68 


LINEAR DIFFERENCE EQUATIONS 


Chaitek 111. 

The hypergeometric equation: general case. 


S I. The hypergeometric difference equation. 

Next to equations with constant coefficients, which we 
studied in § 4, Chap. I, the simplest lineai’ homogeneous 
difference equations of higher than the first order are those 
with linear coefficients. The second order equation of this 
type, namely 

(99) («2 a- + J'i) y (■<■ -f + Oh ■>' + <>\ ) y + 1 ) 

+ (ffo a' -f />()) y (.>•) 0, 

is called the hyperyimnedric differena; nimtion, heeaitse, as 
we shall see in § 7, its solutions can he (expressed in terms 
of the hypergeometric series 




«/S «(« 1) /J(/J + I) 3 

l - i'.2;'0' + T) ^ 


The theory of this equation presents most of the interesting 
features of that of the general homogeneous linear difference 
equation of the nth order with rational coefficients, but in 
a less abstract form, since explicit formulas can be obtained 
throughout. Accordingly the remainder of this book will be 
devoted to a detailed study of the hypergeoraetric equation. 

An important role in the theory is played by the roots Pi 
and Qs of the characteristic equation 


(101) + p + «o “ 0. 

We shall consider first the “general case”, in which pi and p* 
are finite, distinct from each other, and different from zero; 
in terms of the coefficients, this means that none of the three 
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numbers a*, ao, aj — 4rtoag is zero. We will choose the 
subscripts so that 1 1 ^ I (>s |. The “iiregular cases”, in which 

one or more of these conditions is not satisfied, present certain 
additional difficulties; these will be treated in Chap. IV. 

In order to get eq. (99) into a more convenient fom, we 
will define three new constants /S|, fii, /d* by the equations 

A+/?i + A + 2 - ''S 

fix (>2 + fi± Ql {fi'A + ^ ) ((^1 f Q'i) “ • “ ? 

a hg 

Pi (>2 p& - ; 

flg 

these have a unique solution under our hypotheses, since the 
determinant of the coefficients is — ?s) ] 0. From 

eq. (101) we have the relations 

— (f!i l-pg) — ,, , Q\Qi ^ 

(li 1^2 

eq. (99) can accordingly be wiitten in the form 

((a^-hA + /«. + A+2)?/(.r + 2) 

(102) ^ — [(^1 4- di) + + 1) + /*1 di 4 I'l] .'/(^' 4 1) 

I 4 ei 02 (a^ 4 /*»)'/(*) 0. 

Set x + /3a --^ x' and 2/(4— /S.,) /(.r'); then, dropping the 

primes, we see that /(a;) satisfies the equation 

[ {x 4 A 4 4 2) 2/ (x 4 2) 

(103) ^ — [(01 4 02) (i*’4 1)4 A 02 4 A01] 2/(^‘4 1) 

I 4 0I02J''2/C'^O ==" Or 

which may be regarded as the normal form of eq. (99) for 
the general (uise. 

§ 2. Formal power series solutions. 

Eq. (103) is satisfied formally by two power series in l/x, 
multiplied by certain exponential factors; we cannot have 
a factor of the form since the coefficients are all of the 
same degree, so we will set 
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(104) y{x) = (s + + ■ • •) 

in eq. (103). Dividing by <fx^, we have 

-(*+A +A + 2) (l + If (l+ IP+ . ■ ■] 

— c [(pj + (fa) (a; + 1) + A 4** + A Pil j 

■f Qi Qi X |s -1- ~ + • •) 0. 

Expanding in poweiV! of 1/a;, and equating the coefficients 
of successive powers to 0, we find that 

(105) «*— c (e, 4- es) + (»i e* ^ 0 , 

[(/8i+ + 2) c* 4- 2 c* d] s + c^s'- c(§, + + /Ji es -f 4i)s 

— c (Pi + Pa) s — C. (p, + Pa) s' -f- P, p 2 a' — 0 , 


etc., whence c = pi or pa, d — I or — ^a — I, 


f 

«i 



^2 Pi 
? 2 Pi 


A \ S2 

21’ Si 



AP2 

Qi~Qi 



J 


etc., where sl/si and 82 /S 2 are the two values of s'/s; Si and 
ss are of course arbitrary. To prove that all the coefficients 
can be obtained in this way, assume that s'/s, s"/s, •••, s<'‘“Ws 
have been determined for both series; equating to 0 the 
coefficient of i/a/‘, we have 

c2 (g(fc+i) _ 2 ftg(fc)) _i_ c* (^1 + /«2 4 2 42 d) s® 

— c (pi 4 P 2 ) — c (pi 4 p 2 4 A P 2 4 fis Pi) 

-^c8(pi4P2)s^*^'4PiP2«^*'''^’4-As = 0, 

where A involves only quantities which have been already 
determined. The terms in 8^*'+*) vanish, by eq. (105). If we 
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set fli-st c — § 1 , (I — 1, 6- — »i and then 

d -- — — 1; s — sa, we obtiun the two equations 

— Ch)si^'“^ + A|.X| - 0, 

I' Qftiih 4 ''U s2 0 , 


which serve to determine and sf’/s.^ uniquely. Hence 

every coefficient can be detennined in terms of previously 
found quantities, and we. thus obtain tlu' two series 


(106) 



which, from the way they were derived, must satisfy formally 
eq. (103). In general they are divergent, and so do not give 
us analytic solutions. They play a very important paid in 
the theory, however, and, as we shall see, represent the 
principal solutions asymptotically for large values of x in 
certain sectors of the plane. 

§ 3. The use of matrices.* 

For the purpose of deriving existence theorems for the 
analytic solutions of a difference equation, it is in many 
respects preferable to deal with a systcmi of two equations 
of the first order rather than a single equation of the second 
order. This permits the use of matrices, which serve to 
bring out the analogies which exist between an equation of 
the first order and one of higher order. 

A system equivalent to eq. (103) may be obtained in varioas 
ways; the most direct is to set y{x) yi (x), y{x-\-\)=^ ytixY-, 
then j/t(a;) and y^ix) satisfy the system 

* An elementary knowledge of matrices, such as is given by Bocher: 
Introduetion to Higher Algebra, §§ 7, 21, 22, 25, is presupposed in what 
follows. 
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(107) 


2/1 («+l) 

Vi (* + 1) 


2 /a (a;), 


2/1 (a?) 


+ 


(*1 fta; 

3? -f- A + ^8 + 2 

a? + A -f ^8 + 2 


2/8 («) ■ 


A more symmetrical system could be obtained, but this has 
the advantage of being closely connected with eq. (103); if 
we have any solution of (107), the first clement i/i (a) = y{x) 
gives us directly a solution of (103). 

If y\\ O'®)* 2/81 (®) 2/18 (a0» 2/88 (a-) two linearly 

independent solutions of (107), the matrix 


Y(x) = |iy/y(a)!i 


2/11 (a') 2/12(3.-) 

2/21 (a) 2/88 (a') 


is called a matrix solution of the system. The coefficients 
of the 2/’s in (107) form another matrix: 


Bix) 


0 



X + /Si + /Sj + 2 


1 

(^1 + 1 ) /Si Qt + /Sj (>i 

® + /S,+/Sa-F2“' 


The four equations satisfied by the elements of Yix) can be 
combined into a single matrix equation: 


(1 08) 1' (a- + 1) "= (a) Y (x ) ; 

this is equivalent to the system (107), as may be verified by 
expanding and equating corresponding elements on the two 
sides. 

Let P(x) be a matrix whose elements are periodic functions 
of period 1, and whose determinant is not identically 0; then 
r(a:)P(a;) is also a solution of (108); for by substitution 
we have 


r(a: + l) P(a+1) = B{x) Y{x) P{x)\ 
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blit P(jp + 1) — PC'*'); hence, multiplying both sides on the 
right by the inverse matrix P >(»:), wo get eq. (108) again. 
If the elements of P(a-) are arhUrnri/ periodic functions 
(subject only to the condition that their determinant does 
not vanish identically), l'(a:) P(a;) is called the general mafm- 
sdution of (108), since by choosing the periodic functions 
properly we can put any matrix solution in this form, as is 
evident if we expand I'C^) F(pr) into its elements (cf. i; 3. 
Chap. 1). 

The matrix equation (108) is satisfied formally by a matrix of 
power series whose elements arc readily obtained from (106). 
namely 


Six)^- 

snix) 



.S'oOr) 

(a-) 

(•'•) 1; I! ‘''i (•'■ '1 

-1) 

.S'i(®+1) 



r+'") 

y-ih 

1/ 1 

(109) -- 

! 

/ ' \ 


/ / 

i 

a: 

1 

' 1 


1/ 1 'S2L> 

^22 r 


where sn — si, sli s[, • ••; ssi — ('i(si — Aai — »i), 

etc. The detenniuant of this matrix lias the form 


( 110 ) \six)\ — ■ (qiQsYx 'J. + ^^.4 H 

where d = ((»* — (h).vi» 4 , etc. The inverse of s{t) is 


( 111 ) 

where 






- _ _ 

_ 1 

“ ($*— ei)»t’ 

~ (Si — Qi)>‘i 


_ 1 

(Pl — ^2)^2^ 

(ea—Qi)si 


J 


etc. 



74 


LINEAR DIFFERENCE EQUATIONS 


Let T{x) denote the matrix obtained fium 8{a^ b}' using 
only the firvSt h terms of each series, and write 

( 112 ) Bia^. 


Since 8{x) satisfies eq. (108), we have (S'(a;)/S"Ha^'4-l) = E~\x)\ 
by the definition of Ti^x), r~^(a;+l) has the same first fc 
terms as 8~'^(x-\-l)‘, hence the elements of B{x) differ from 
those of (x) only in the tei-ms after the feth, so we may 
write 

= yi(*)[j+ -^ 6'(*)], 


where I denotes the unit matrix and 6'(a?) is a matrix whose 
elements are of the form 




§ 4. First existence theorem. 

The matrix equation (108) is satisfied formally by the two 
symbolic solutions 

. . J B-^ (x) (x -i- 1) Br^ (x + 2) . • 

I 7;(x — 1) Bix—2) B(x~‘d) . . 

as is seen by direct substitution. These infinite products are 
in general divergent, but by a suitable modification, as in 
§ 1, Chap. 11, convergent products can be obtained which 
yield analytic solutions. For this purpose we will form the 
products 

pn(x) B-Hx)B-' (x+ 1) . . . it’ ' (x + n) T(x+ «4- D, 
ICiw (a;) - Bix -l)it’(x — 2) • • • B{x- n) T(x—n). 

Theorem. Both elements of the second column of 
converge uniformly n-^cc to limit functions hi^{x)y 
which are analytic in the entire finite part of the plane ewcept 
fm' poles, and fmm a solutim of the system (107). The 
determinant of Hn{cf)) also convm^ges to a limit function 
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analytic except for polex. .h'or la-rye mlws of ;r these limit 
functions are represented asymptotientty by snix), Saiy), and 
S{x)\ respectively in the sector — rr <:iaryx<n. 

Similarly, both e-lenumts of the. first rolmnn of (fn{x) cun- 
verye uniformly to limit functions //,, 0/0- lluk-e) ivhieh are 
analytic except for poles and form a second solution o/^dO?). 
The deteriinnnvt of (Tnix) also conreryes uniformly to a limit 
fmctmi D{x) analytic except for pdes. For larye mines of x 
these limit functions are npresenfed usymploticaUy by And;), 
.Sj, (a;), a,nd |;Sf(a;)| respeclivcly in the sector 0 < ary 'x .:2n. 

Wo will write II„(x) 7’(a;) (a-) . where 


-- 7’ Mr)/.’ iCr)r(x-i-l.) 

X '/’'■i (-r 4- 1) {j- 4- 1) T(.r+2) • . • 

>. r 1 d-4- u) R ’ (..-4 n) n.r + nf 1). 

Thus Hn{:f) is a i.ro<hict of matrices of the fomi 

2’-'(*)A’-'‘ (x‘)7V M).-. T-’(x)/>’(a0|/4 /.'0r)]7’(r4l) 

.-74 j,, 7’- '(.r4-l)f/(,r)7’(a-f 1), 


since by (1 12) T" ' (x) liix) - T~^ {x 4- 1). Since the first k 
terms of T ' (a; 4- 1) Jind 7’(.'r-|-l) are the same as those of 
jS'~^ («4- 1) and /?(.'/;+ 1)) we see from (109) ami (111) that 


7’-' (a;) Jt'-i (.7) 7’(7;4- 1) 

V'uOr) ^m/.,M7;) 

\Q2l 


om 

a* 


where the functions V’y (*) have the form 
,^, 4 .. .4- 4 .. 4 

' ^ ryt m** 


Let US choose h large enough so that the veal parts Ol 
A — /ds — h and — /« are both < — 2 ; then the right 

hand side of (115) may be written 
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1+ 


7^ 


j 0 VT"- 

yii(») -/ 5f»i2(a?) 

\Qil 

( o \ ^ 

q>2i{x) SPmCt) 

\Qil 




where 1 is an integer ^ 2 and the functions 
finite as a->oc. 

The matrix Unix) may now be written 

[/+ Uw][/+-J-,j«(*+»l. 




1 


x|7+ + 

(x- + n) 


1 


remain 


= ^ :^r) 

r=n (.x+rr 
-f- ^ ^ / Y u/ ”i 

r-0 sJTm (* + r)M« + s) 

The /til element (/ --= 1 , 2) of the second column is 


i ^ 9i2(x -h /•) 

»•— 0 (.T + rr 


(116) 


^ /<.VY"+’7?2 V"+* 


(x + r) 

I 11^ 

r?o s ^+1 1 lt>i I I tv ^ 

X fpi^ (x -f /•) <pyj (x + s) 4- ■ 


where — 0 or 1 according as / - 1 or 2. We need to 

prove that this converges uniformly as n-*^. Since the 
functions yy(x) remain finite, Ave can find constants M and R 
such that 1 5py (x) I < -M for Hence if all the points 

X, x + 1, x+2j ••• lie outside the circle |x| — if, i. e., if 
X lies in the region D of Fig. 1, consisting of the entire plane 
except the part within a distance R of the negative axis of 
reals, the typical term in one of the sums in (116), namely 


1 iQrY'y^ 

(x -f j-)^ (x + s)'^ • • • (x‘ + wY / \ / 7*’? ' 

^ (^* 4" ^*) * * * 97^2 (^ 4' 
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III, 4 

(y, S, ■■■. 71 — I or 2), is less in absolute value than 

; M[ 

\ Qi I (w -f (x 4" s)^ • ■ • (;/' -f 


where I is the number of integers in the sequence r, s. ■■■, iv: 
this follows from the fact that 



since by hypothesis i('i | <>i !,. andy, s, • • •, /r are an in- 

creasing set of positive integers. The series (IKi) is there- 
fore less term by tenn in absolute valiK; than 



As n-^cc, this approaches the limit 


( 118 ) 2 



since X > 2, the infinite product here converges, so the 
elements of the second column of7/n(.r) and hence of jGr„(a:) 
converge uniformly to analytic functions in the neighborhood 
of any point of the region D. Moreover, since 

Hn(x) ~ E ^(a?) — l)if» mO/'-frn), 

where w may be taken so large that the point x-f m lies 
in D, we see that they converge also in the region excluded 
above; the only exceptions are the points 0, — 1, — 2, • • •, 
which are the poles of elements of R~^ (x), (a;-|- 1), • • • . 
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The limit functions h^ix) of the elements 

second column of H„ (x) are therefore analytic at every finite 
point of the plane except 0, —1, —2, • • •, where in general 
they have poles. 

The functions ha (x), Jh 2 («) thus obtained are independent 
of the value of 1c chosen; for if T'(x) is the matrix obtained 
from S{x) by using a different value k', we have for our 
product 

Hn {x) = (x) (x + !)••• Er^ (x + n) T' (x + « + 1 ) 

= (*)••• E~^ (* + n) T(x + n + 1) 

X T ^ (x + n + 1) r (.r -f w + 1) , 


whose second column converges to the same limit as that 
of Unix), since 

lim T-i (x + n + 1) T' (x + « + 1) = I, 

regardless of the values of k and k'. They form a solution 
of the system (107), since by the definition of En (x) 

En{x-\- 1) --- /t’(x) En \-l 


a relation which remains true for the elements of the second 
column as wo pass to the limit. 

Consider now the behavior of /<i 2 (x) and hnix) for large 
values of x. As we have seen, each element of the second 
column of Hn{x) remains less in absolute value than (118), 
which is itself less than 




— 1 


By the inequalities (28) and (29), these elements can be 
expressed in the form 


/42(x) 


^i2 + 


/egV” ifi(x) 

.x^ 


or 


di2 


, (Q2Y’ Miix) 


according as x is in the right or the left half plane; Mi(x) 
is bounded for large values of x. The first form can also 
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be used in the left half plane, except near the axis of reals, 
since as aj-^oo along any ray through the origin I*;] is 
proportional to 1.151, and the factor of proportionality can 
be included in Mi{x). Since Hnix)= T(x)Hnix), 


( 119 ) 


/H '2 ^ Ul (x) v >‘) -\r ti 2 (pii) h '22 

= Ul w + Ul (•>') l-i + Ul (t) -V-1 

= S?.!''’- '[(««+ ■■•)+ 




The second and third terms in the bracket can be made 
arbitrarily small by taking !c and hence A sufficiently large. 
Hence /ii2(a5) and 7132(05) are represented asymptotically by 
.<(is(a5) and s^six) respectively in the sector — 71 < arg.7; <7r. 
If .«->QO along a ray parallel to the negative axis of reals, 
is replaced by in ( 119 ), and we see that Imix) 
differs from 7^2 (^f^) by terms of the order of hence the 
first Ji terms of furnish a close approximation to hai^-) 

if I V I is taken sufficiently large.* 

Consider the first ordei- equation 


(120) y{x-\-\) \li (.r) I y (x) 


2/(7) 

.t + /« i +/^2 + 2 


where |77(a5)| is the determinant of the matrix lt{x). This 
is satisfied formally by the series ( 110 ), and by § 1 , Cha]). 11 , 
an analytic solution which is represented asymptotically by 
this series in the sector — jt < arg x < n is funiished by 
the limit as n->Qo of the expression 

\B(x) \ |Jg(x+lT ■ ■ ■ ^ + « -4- 1) I ; 


! *The behavior of hnix) and Jht ix) as ic->oo along such a ray is in- 
vestigated further in § 9. 
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but this is simply the determinant of S»(a?). Hence the 
latter converges uniformly to a limit function 7) (a?) which 
is analytic except for poles at ic — - 0, — 1, — ^2, • • •, where 
j -/«!(«+ 1)1, •••, vanish, and which is represented 
asjmiptotically by l/LS'(a;)l in the sector — tt < ju'g a; < tt. Its 
explicit form, as we see from § 3, A, Chap. II, is 


Since the asymptotic form of 7’(') holds to an arbitrary 
degree of ai>proxiination along a ray parallel to the negative 
axis of reals and sufficiently far above or below it, the sanui 
is true for 77 (.r). 

In the same manner, by starting with the product 
in (114), Ave can prove the second part of our existence 
theorem. The limit functions dnix), Unix), and D{x) will 
in general have poles at the points — 1 — /?i — As, — A — /? 2 , 
1 — /St — /Sj. ..., since elements of R{x: — 1), Eiin — 2), •••, 
have poles at these points.* We have 


DM ((/.I — ■ — — 

‘ “ /V-|-/S,+/S, + 2) 


In proving the convergence of the elements of the second 
column of Hn{x^ and of the first column of Gni^x), we make 
use of the fact that | pi > ■ ps 1. In dealing vvdth the other 
column the roles of pi and p* are intercdianged, so their 
elements in general diverge. If, however, 1 pi | j p^ |, the 
elements of both columns converge, and give us two pairs 
of solutions which are represented asymptotically by the series 
«ii(«), 8ii{x) and si«(a;), Sii{x), one pair in the sector— 7r< 
arg X < It and the other in the sector 0 < arg a; < 2 tt. 

The gap caused by the divergence of one column oiHnix) 
and may be filled as follows. Let us define two 

functions yii{x), ynix) by the equations 

* Since the elements of the first row of R(x — 1) are constants, gn (*) 
does not have a pole at — 1 — ft— ft. 
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//ll (•>*") W j _ i//ll(^*) ; /)('.> 

yti (•»•) liii (a:) ! I yii (a'+ 1) *is (a'+ 1) 

the latter is a non-homogeiieous difference equation in //, , {.;•). 
and may be written 

(121) ^tsCvrO^iiCx’ + l) — /ii 2 (a;+ l)v/ii (a) — = /)(;r). , 


The associated homogeneous equation has the solution 2 (f), 
and by $5 5, Chap. I, eq. ( 121 ) has the solution 


(122) yn{x) — ^ 7,, ^ 

This and the function 

2/*i ( r) = .yii(a;-hl) = /<i2 (r -f 0 [c (•'•) + d<‘6i)] 

-Dix) Z>(./) 


(123) 


— ■ h»i{x) 


hiiUe) hiiia-) hyt{x) 


form a solution of the system (107); for since /tis(a;) and 
// 22 (;r) satisfy (107) and /)(;/•) eq. (120), we have 


Vii (a^ + 1) — Ihi (a-' “I" 1) ['■ (a') + d /<” ^(a- 4- 1^) 


[ »+i+>,+^a 

JO (a;) 


D(x) 


/«ig(.T)/<22(;r). 


gi gii-^ ' 

OB “h 2 (pc) 

gigjif „ I (gi+gs)(a?+l)+i^ig*+/*sgi ( ) 

■»+A+A+2*'"‘’’’+ ;+A+A + 2 


Similarly, from the equations 


!//u(ic) 2/18 («) 

lynioc) ytiix) 


gidx) yii(x) 

/7ii(a^+l) ?/i8(cc+l) 


D(x) 


we obtain another solution of (107), namely 


6 
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Unix) 


D{x) 

_,5(x) L ^ 

.(i'll («) .9*1 (^) //u(aO * 


By suitably evaluating these sums we can obtain two sets 
of analytic solutions, as we shall see in the next two sections. 


S 5. The intermediate solutions. 

Theorem. Tiwe exist two pairs of solutions y'nix), fnixY, 
Unix), Unix) and yii.{x), y'n{x), y'z-iix) analytk 

everywhere eoccept within a limited distnnee of the axis oj 
reals, and having the property that for large values of x 
yij{x)'^8ij{f) in the sector — n<argx<n and fij{:i)'^sij{x} 
in the sector {)<Ca;rgx<i2n. 

We may take y'nix^ — hn{x), y'nix) = hnix), since hnix) 
and hii (a;) have the properties stated. For the other solution 
of the first pair we use (122) and (123), evaluating the sum 
as an infinite series [cf. eq. (10)]: 


( 124 ) y'xyix) 


-hnix) ^ 


Dix — n) 


hii ix — n) hit ix — n) 


which represents an analytic function if it converges uni- 
formly. To prove that this is the case when x is sufficiently 
far from the axis of reals, consider the approximate form 
of a term of the series for such values of x, as determined 
in § 4. We have to terms of the ifcth order 


Z>(a;) 


hi ix) hit ix) 


i^iQifx 


-2 


{d "l" 


d' 


X 


+ ■ 








*1*-^ H 92 ^ J=i 7 


+ ! + ■ 


y(fc-l)\ 


(125) 
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where the ^’s are known constants |in particular, ^ "T 

The series in (124) may therefore be written 


(126) 



{x — ny- 


; — w 


+ ••• + 


«)] 

Or — itH — J 


where M {x) is a function which is bounded for large, values 
of lt;|. Let 1^1 1 > 1 ^ 2 !; then the terms diminish in approxi- 
mately geometrical ratio for large values of n, so the series 
(Converges uniformly in the neighborhood of points x suf- 
ficiently far above or below the axis of reals. Hence i/nix) 
as given by (124) and y'ixia) = y'n{x-\-\) fom a .solution 
of (107) which is analytic above and below a certain horizontal 
strip enclosing the axis of reals. 

In order to determine the asymptotic form of this solution, 
give X a fixed value, and separate the series (126) into two 
parts: (1) the first m terms in which and (2) the 

remaining terms (cf. § 7, Chap. 1). The first ])art may be 
iviitten 


\?*/ L 


(A 


^ Jr fix ^ 

+ + + (|)‘J , 


where the functions Miix) and M'(x) are bounded, since the 
error caused by breaking off the convergent binomial ex- 
pansions at the /ith term is of the order of {nlx)K The typical 
expression to be examined is 



6* 
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where c is a constant and A and are integers from the 
set 0, 1 , 2, • • •, /f. A comparison of the snm on the right 
hand side with the sums 2)/ W evaluated in § 7, Chap. I, 
shows that the former is represented asymptotically by 
a constant for every value of ^ (for ^ — 0, the constant 

is (l/Cpi — es)). The sum which involves M'{x) is of the 
order of x since 

MN 

-\ Ik > 


2 ; 

.. 1 \Oi \ X / I 


M -y 


where M and N are constants. The first m terms of the 
series (126) are therefore represented asymptotically by 



where the a’s are constants (in particular, a — — si/ss). 
The terms after the mth diminish in approximately geometrical 
ratio, and they are all multiplied by the factor (ga/pi)"*, 
which approaches zero exponentially as x increases; hence the 
second part of the series does not affect the asymptotic form. 

Substituting this expression in (124), and using the known 
asymptotic form of /«i»(.’r), which holds in the sector tt 


arg X 71 j we have 

t/n (aj)~ — {s-i + j 


in this sector. For the other element of the solution we have 


yn(sr) - + 




Since these asymptotic expressions are formally equal to 
l/[i(x) and ynix), they must satisfy formally the system (107); 
they are series of the same form as Sn (a^) and sji (aj), and 
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they have precisely the same leading terns; hence they must 
he identical with the latter, on account of the uniqueness 
of these series. Thus //u(a;)'~8u(») and yii (:r)'^S 2 i(,r) in the 
sector — 7r<argx<7r. 

In the argument above we took i pi > 1 1 ; if I I -- (?s 

as remarked in § 4, both columns of 7?„(x) converge, and the 
two solutions thus obtained satisfy the conditions of oni- theorem. 

S imil arly we can prove the existence of the second pair of 
intermediate solutions, namely y'n (.'/•) — //n (.r), y'-ix (;r) ~ yaC^') 


and 


^22(3;) 




Dix + n) 


//ll C'^‘ C^' + ^0 

yi2(a''-l- !)• 


1'lie two solutions in each pair are linearly independent, 
since one is represented asymptotically by .su (.t), ssiO^O 
the other by Si 2 (x), sgaCa?). The two pairs of intermediate 
solutions may therefore be combined into two matrix solutions 
Y' (x) and Y' (x) of eq. (108). It is evident from the dolinitions 
of the solutions yii(x) yni-f) «‘>nd y^ssix), yaix) at the end 
of § 4 that the detenninants of these matrices are equal to 
D(x) and Dix) respectively. 

The intermediate solutions are discussed further at the end 
of § 8. 

§ 6. The principal solutions. 

By using a suitable contour integral to evaluate the .sum 
in (122) we obtain an important set of solutions called the 

principal solutions. 

Theorem. There exist two solntions hn {x), hi\ (•') end 
thi («), ha (x) analytic throiiyhont the Mite j}art of the plane 
except M' poles, and such that hij{x)r^Sij{x) in any riyht 
half plane* There exist two other solutions f/nlx), (x) and 
fhi <722 (.^) analytic ex;eept for poles, and such that yjy(x)~sy(x) 
in any left half plane. These jyroperties in general determine 
the solutions uniguely. 


* By “any right (or left) half plane” is meant the portion of the plane 
to the right (or left) of an arbitrary line parallel to the axis of imaginaries. 
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We can obviously take for hnix), hnix) and Sai (®) 

the solutions already denoted by these symbols, since they 
have the required properties. In case l§i| = the other 
two solutions furnished by the matrices Hn{x) and Gn{x) 
may be taken as hn (x), hn {x) and (x), (x) respectively. 

Accordingly in what follows we will assume that | pi 
Let 


(127) 



— I)(x) 

//■IS (x)hiiix) ’ 


we see from the approximate fom (125) that <D{x) is analytic 
everywhere except within a limited distance of the negative 
axis of reals. Consider the integral 




t^kni (a? t) 


OjOdf. 


where A is an integer and L is the contour coA Bco of 
Fig. 6, consisting of two straight lines of inclination « and 
7t — e, where e is a small positive angle, one below and one 





above the region Q in which is not eveywhere analytic, 
and a simple curve passing between t = x and t = x — 1, 
X being a point in the right half plane far enough to the 
right so that the region Q lies wholly within the contour.* 


The exact positions of the lines and the curve are of course immaterial. 



THE PRINCIPAL SOLUTIONS 


87 


III, 6 

Using (125), we see that the behavior of the integrand as 
f->oo along the lines A<x> and Bcc depends on the exponential 
factors or, if we use only the exponents, on 

[2 {l—l)7T i + log (>i — log (l] t . 


If Ave write t = (t-\- ir, tlie real part of this is 


»^(log I (>i I — log i I) — 2 71 r |l — A + ; 

since o'<0 in the second and third quadrants, and since 
|?ii>! 92 !, this is negative if If /o'] is sufficiently small. 
Hence if the angle s is taken sufficiently small, the inte- 
grand approaches zero exponentially along these lines; the 
integi’al therefore converges uniformly in the neighborhood 
of the point x. To show that J\u) gives us tlie sum of <^* (./•)> 
form the difference this is equal to the integi’al of 

the same integrand over the closed path AM B' BA\ but the 
integrand is analytic inside this region ex(;ept for a simple 
pole at t ~ X, where its residue is (b{x)l27ri\ hence 

Mix) ^ (Z)(a). or JC'r) ^ m{x). 

Using this integral in (122), we obtain the solution 


(128) 


/^u(a') Ki{x) 


which is analytic in a certain right half plane. But b^"^ 
repeated use of eqs. (107) or (108) we can express 
and h 2 i{x) in terms of /<n(a:-f«0 and /jgi(a; + m), where m 
is a positive integer which may be taken so large that the 
solution is analytic at x -f m and hence at x itself. This is 
true even if x is near the negative axis of reals; the only 
exceptions arc the points x = 0, :^1, — 2, •••, where the 
determinants |.B(a;)!, |ii*(j;-f- 1)|, •••, vanish; at those points 
the solution has poles. 

It remains to consider the asymptotic form of the solution. 
For this purpose we will separate the contour L into two 
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parts as follows; let Li be a fixed contour oo.4, iij oo con- 
sisting of two straight lines of inclination e and rt — « and 
a simple curve, enclosing all the singularities of ®(f); let 
Lg be a loop enclosing all of the points x — 1, x — 2, ••• 
which lie to the right of but not a', £c+ 1, • • •. These 
two contours together arc obviously equivalent to L. 



The part of the integral contiibuted by Ly is a periodic 
function of x, since the integrand is a periodic function of 
X and the contour is fixed. It may be written in either of 
the following two ways: 


lisknir, C ^ (f) (I t 

' *• 1 _ ^i(x-t) 


A 




“i.r’ 




g-2rii(;r-0 — j ' 


in the first form the denominator is bounded as 
since then approaches zero; in the second form the 
denominator is bounded as v-^ — oo. Hence the part of 
Aii(.r) contributed by ii may be AA'ritten in the form 

hi i (*) q (./•) or hu (») q (a;) , 


according as x is in the upper or lower half plane; q{x) and 
q'ix) denote periodic functions which arc bounded as i;->-4-qc 
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and /;-» — co respectively. Eitlier form may be used if .»• is 
on the axis of reals. 

Consider now the part contributed by Li. Since the in- 
tegrand is analytic within ig except for simple i»oles at 
t — X — 1, ■x—% •••J X — I, the integral can be expressed 
in terms of the residues at these points; Ave have namely 

i 

hx 2 (. t ) ^ {x — •//) . 

n—l 

which consists of the first I teinis of v/Ii (•») [eq. (124)]: let 
us call it y'niji). Thus we liave 

~ I A, 2 7' (.»•) + i/n (■'•), 

according as x is in the upper or loAver half plane. 

The asymptotic form of yni:x) in the right half ])lane is 
the same as that of y\x.{x), since, as we saw in S 5, the 
asymptotic form of the latter is determined by tin' first m 
terms of the series; the argument in § 5 applies without 
change e\'eu when x is near the axis of reals. Hence wo 
have in the first quadrant (including the axis of reals) 

(129) hx 1 (x')~.<fi 2 (a;) q{x) -f- S|, (a-), 

and we need to determine Avhich of the two terms has the 
greater order of magnitude as a;-^ co . This depends on the 
exponential factors pf oi-, it Ave divide by the second 

one and use only the exponents, on 




So far we have put no conditions on the integer X, and 
hence have not completely specified the solution An (a;) Avhich 
we are considering. Ijet us define X as the smallest integer 
which exceeds the real part of 


( 130 ) 


lOgPi— logpa . 
2ni 
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that is, let A be the integer such that 

2 IT 

Bj’ choosing suitable determinations of arg and argp* 
we may always have 

(131) ai'g Qi—Tc< arg 4»2 ^ arg^, + >r; 


then A = 1 if arg ^ arg and A = 0 if arg qi < arg 
We shall limit ourselves in general to such determinations. 

With this definition of A, the real part of the expression 
A-f (log^a — logei)/27T/ lies between 0 and 1; the imaginary 
part is (logical — log| ()i | )/27i*, where the numerator is 
negative, since U>t | > | pa !• Hence tve can write 


(132) 


log ga - log Pi 

2ni. 


h 


a 


2ni 




Avhere 0 < « < 1 and h > 0. Since x is in the first quadrant, 
we have u >0, «-^0. The real part of the first exponent 
above is then 

(133) — hu — 2nav, 

which becomes negatively infinite as x-> co ; the second 
exponent has therefore the greater real part, so the second 
term in (129) is the dominant one, and /«ii(a;)~Sii(.x) in the 
first quadrant. 

In the fourth quadrant we have 


(134) {x) + Snix)\ 


here the dominant tern depends on the exponents 

The real part of the first is 

(135) — &« + 27r(l — a)v, 
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wliicli becomes negatively infinite, since v < 0, so the second 
tenn dominates again and also in the fourth 

quadrant. The only exception is when a == 1, in which case 
the asymptotic form does not hold along rays parsillel to 
the axis of imaginaries, since (135) then remains finite, so 
that the two terms in (129) arc of equal order of magnitude. 
If however we use in place of the right half plane a half 
plane bounded by a line inclined slightly to the vertical, 
i. e., a sector — 7i/2-l-c argar < + where e is a 

small positive angle, 7<i i (a.) has the same asymptotic properties 
as when ff <l; for the relation (129) holds throughout the 
upper half plane, and (133) remains negative in that part 
of the second quadrant for which vK—n)>bl'27Ta, so that 
hu (p')~su (a;) in tlie above sector if e < tan~’ i2n<i/h), regard- 
less of the value of a. 

If instead of the right half plane u>0 we consider miy 
right half plane n > c, where c is any real constant, the first 
term in (133) and (135) may be positive, but it remains finite, 
so for large values of 1 ] these expressions are negative and 
our conclusions hold as before. 

The other element hn of the solution is equal to 
hn{x-\-l), so it is represented asymptotically in anj' right 
half ifiane by Su (a; + 1) — sn (a-). It is evident from their 
asj’^mptotic forms that the solutions /<ii(a;), /(aiCx) and /q 2 (ii;;), 
7/22 (.t) are linearly independent; hence they may be combined 
into a matrix solution of eq. (108). The determinant 

of tliis matrix is equal to 71 (x) (cf. end of § 5). 

For the I'emaining solution Ave write 


(136) 

Avhere 


.<712 (x) = On 







i ’ 


thsix) = (fisix-i- 1 ), 


0it) - 


im 

.'7u(0//2l(0 


and V is the smallest integer which exceeds or equals the 
real part of (loggg — logpi)/27r7 (i. e., A' = 1 — 7,); the con- 
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tour JJ is similar to L, but extends to the right instead of 
to the left. A discussion similar to that above shows that 
this solution has the properties stated in the theorem. It 
may be combined with .9,1 (x), (x) to form a matrix solution 

fr(x), whose determinant is equal to D(x). 

Since the first element of any solution of the system ( 107 > 
is a solution of the single equation ( 103 ) of the second order, 
we have proved that the latter equation possesses four 
solutions //i(x), //s(x), .91 (x), .94 (x) [=;-- /<ii (x), /«i2(x), .9u(a^). 
,9 i2(x) respectively] such that (x) and /is(x)~(S2(x» 

in any right half plane, and 9i(x)~/f?, (x) and ,9a (;r)~<S2(x) 
in any left half plane. The former two arc called the first 
principal system or the first canonical system of solutions of 
eq. ( 103 ), and the latter two the secmid prindpal system or 
second canonical, system of solutions. 

It remains to prove that there are no other solutions 
possessing the same properties. (Consider first tlic solution 
hiiix), 7*22 (x); assume that there exists another solution 
K^ix), h^{x) different from this such that A52 (x)~si2(x) and 
//22(«)~S22 (x) in any right half plane. Since the solutions 
/«ii(x), /i/21 (a?) and 7 qa(x)> h^ix) are Uneaiiy independent, we 
can write 

, ( 7 <i 2 (i«) — Ih (x) hn (x) -\-Ps (x) /<i2 OO, 

1 1122 (x) Pi (x) hii (x) +i>2 (x) hi (.?•) , 

where pi (x) and 2 h ( r) are periodic functions. If we divide 
the fli'st equation by huix) and then let x-^co parallel to 
the positive axis of reals, we have 

l~p, (x)^‘|^J -l-i>2(x), 
or 

1 (x) ( aA-'"' (*•+.. .j + 2^3 Cx) . 

If i9i >192!) the factor (91/92)'' becomes infinite as x-j-qc: 
hence jpi(x) must approach zero; but since ii»i(x) is periodic, 
this means that it vanishes identically. It follows that 
ps(x)~l, and since p2(x) is also periodic, p^ix) = 1 identically. 
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Hence in this case Jiv>{x) = hnix), contrary to hypothesis. 
If I pi I 1 P 2 I, the same ar^iment applies if 
But both AisCt) and A] 2 (a^) are single- valued analytic functions 
of and /da for large A'alues of x in the right half plane; 
hence the identity hv 2 (x) hnix) must hold even when 
^ Hence fh»(x), /i^sOr) is the only solution 

of (107) which is represented asymptotically by siaia;), ssaCr) 
in any right half plane. A similar argument shows that 
is th(' only solution Avhich is rejiresenti'd 
asymptotically by sii(.x), sji («) in any left half plane. 

Consider now the solution /<n (./■), hn (a.). Assuming that 
there exists a different solution //u(a^, h^iix) represented 
asymptotically by .<?n (»=)» (*) in any right lialf plane, we 
can express the latter in terms of the //'s as in (137); solving 
for Pi (x), we have 


/m(x) 

//12 (x) 

/<2l (x‘) 


Ml (x) 

hvi(x)\ 

hn (x) 

hiv (x) ; 


If GO parallel to the positive axis of reals, both nimierator 
and denominator are represented asymptotically by [<S'(®)|) 
so jpi(.'r)~l, i. e., p, (x) -- 1. Using this value, we see that 


Pi{x) 


Ml (x) /<ll (x) 

hliix) 


this is single-valued and analytic in a period strip sufficiently 
far to the right, except possibly at the ends, where we see 
from the asymptotic forms that 



AVriting ^^^(x) = qiz), where z ^ we have at the upper 
end of the strip 

ioge,-iog(<, 

\imq{z)z (log 0, 
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or, by (132), 

_ ^ 

lim q(z)z~^z (log = 0, 

2->0 

Avhere 0<a< 1. If a 4 we see that q{z)z~^ cannot 
liave a pole at = 0, since the other factors do not vanish 
to an order as high as the first; and since the same limit 
is approached as ^-»op if a + 1, q{z)z~^ must vanish at 
2 — 00 . The single-valued analytic function q{z)z~^ therefore 
has no singularity in the entire 2 -plane, so it must be a 
constant, namely zero. It follows that p-i{x) = 0 and 
/4i(») = /iii(a"), which proves that the solution /<n(.*), ^21 (a^-l 
is uniquely deteimined by its asymptotic properties. A similar 
argument shows that the solution //is (x), is also unique 
if a 1. 

In the exceptional case a — 1, the arguments of and 
p. are the same (or differ by a multiple of 2jt), so the real 
part of the expression (130) is zero; if we replace the value 
A = 1 by ^ = 0 the solutions which Ave get have precisely 
the same asymptotic properties in the sector — 7r/2<arg.r 
<7r/2, since the expressions (133) and (135) remain negative 
if a = 0 instead of 1. There is thus a real indeterminateness 
in this case. 

In the argument above it is not necessary to assume that 
the asymptotic fom of Itdjix) agrees with that of sy(x) 
beyond the first term; hence a solution of eq. (103) is identified 
as one of the principal solutions if the first term of its 
asymptotic form coincides Avith the first term of *S\(x) or 
Si{x) in the right or left half plane. 

§ 7. Integral and series solutions. 

So far we have proved the existence of several solutions 
of eq. (103), characterized by certain asymptotic properties. 
We will now obtain solutions in terms of definite integi’als 
and convergent infinite series, among which can be identified 
the solutions already obtained. For this purpose we make 
use of the Laplace tramformatimi 
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(138) //(;/.•)= 

[ef. eq. (68)], and seek to determine a. function v{t) and a patli 
of integration 'which will make this integral a solution oi 
eq. (103). 

Jly integration by parts, 

t/ (f- (tv 

Suhstitutiiig the integi-al (138) in eq. (103), and using this 
formula for li — 0, 1, and 2, we hud that the left hand 
side reduces to 

/V| -7^ [«-»)(«-?.) owi 

4- V (<) [(,5, -f /I 2 + 2) < — ■ (^i + l)i'i — (^2 + 1 ) ?i]} d t 
■f [f''(<— ei) it — Qi) 

This will be equal to zero if the integrand vanishes identical!)/ 
and if a and h are so chosen that the integrated part also 
vanishes. Equating the integrand to zero and simplifying, 
we find that v(t) must satisfy the differential equation 

i/(f) ^ A , A 

vit) t — Qt i — Qs’ 

a solution of which is 

^•(0 = (^ — P */*- 

Eq. (103) is therefore satisfied by the integral 

(139) y(x) == — di, 

provided a and h are so chosen that 

(140) [P(f-ei)'*‘+' - 0. 

The expression in brackets vanishes at f = 0 if ii(..B)>0; 
at # = Pi if ;2'(A)> — 1; at f == pg if ii(A)> — 1; and 
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at if By taking for a and h 

any two of these four values, we obtain six solutions of 
eq. (103) of the form (139), each of which is valid under 
certain conditions on x, fii, and ^a, namely 

h, [x) == {t—Qif'dt, 

[R{x)>0, ii(/J, )>-!]; 

[i^(x)>0, A’(/i2)>“i]; 

.91 (.x) ^ 9i)^' 

[Jf(x4-/Ji + /Ja)<0,^ ii’(/Si)>-iI; 

(141) 

.9a(3‘) == 

[ii {x 4" 1 “1“ ^a) 0, " Ji i^i) ^ 1 ] ; 

EiA)>~^h 

[R{x:)>0, R{x-h^i + ^i)<0% 


I'o make these solutions perfectly definite, it is necessary 
to specify the paths of integration and the determinations 
of the multiple-valued factors of the integrand which we are 
using. We will take the paths of integration in h\ (») and 
fu{x) as the straight lines joining 0 to pi and pi, and in 
//i(.r) and as the prolongations of these lines; accordingly 
in Jh{x) and fhix) we naturally take arg < = arg gi, and 
ill }h{x) and gi{x) arg < = arg^^. Similarly in gtix) and 
(jiix) we take arg {t — pi) — arg gi and arg (t — q^) ■— arg Pa 
respectively. In Jh{x) and hix) we will take arg (<— Ci) 

The integrals gi (sr), (a;), and tw(ac) converge absolutely and uniformly 

as f-^oo in the neighborhood of any point x in the half plane 
+ fii)<0; hence the integrals represent solutions of eq. (103) in this half 
plane, even though the condition (140) is satisfied only in the half plane 
i2 (£D + + /^ 2 ) — 2. Cf . Osgood ; Lehrhuch der Funktiontheorie I (2nd eel.), 

pp. 450-452. 
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— arg + and arg (J, — ga) == arg + respectively. The 
argument of the remaining factor in each intcgi'and varies 
as we move along the path; if arg ^ arg Qa, we will take 
arg (t—Qa) between arg $2 and arg ps + tt in hi {x) and f/, (.r), 
and arg (t — qi) between arg Hi-^-n and arg pi + 27 r in //.(.r) 
and .9s (x); if arg 91 < arg ^g, we will take arg (t — ^g) between 
and arg ps + Stt in hi(x) and f/i(x), and arg (< — 9,) 
betAveen arg 91 and arg 91 + ^ in h^ (*) and ffa (x). If arg 91 
= arg 9g, we will let the path of integration in hi (x) avoid 
the point Qs by passing along a small semicii’cnlar arc to the 
left of 9s, and let the path in //i(x) avoid the point 91 in 
a similar fashion (cf . Fig. 10 ). In I (x) we will take the path 
of integration as the straight line from 92 to 91, and let 
arg t go from arg 92 to arg 91. If arg 91 > arg 92, Ave Avill 
take for arg (t — 9,) the value Avhicli lies betAveen arg 91 
and arg 9i + 27 f, and for arg (t — 92) the value between 
arg 92 and arg 92 + ^; if arg 91 < arg 92, we will take for 
arg {t — 9i) the value betAveen arg 91 and arg 9, + x, and 
for arg (t — 92) the Auilue between arg 92 + ?^ and arg 92 + 27 r. 
In mix) we will take for the path of integration any straight 
line from 0 to oo in the sector arg 9, — 2 n < arg t < carg 9s 
if arg 9i ^ arg 92, or in the sector arg 92 — 2rr < arg t < arg 9, 
if arg 9i < arg92; for definiteness let us take the ray A\'hich 
passes through the point — 91. On this ray Ave Avill take 
arg < = arg9i — ar and arg (<—91) = arg9i-l-a^; if arg 9, 
^ arg 92, we will take arg (< — 9s) between arg 92 + ^ and 
arg 92 + 2 and if arg 91 < arg 92 Ave will take it between 
arg 92 and arg 92 + n. 

The resti'ictions on x, fii, and /Jg may be avoided by re- 
placing the straight line paths by suitable contours; thus if 
Bi/Si) ^ — 1 , Ave may use for hiix) a loop circuit h starting 
and ending at # = 0 and passing around t = 91 in the 
positive direction, and for gi {x) a loop Li starting and ending 
at t — <x> and passing around t = 91 in the positive direction 
(Fig. 8).* The argument of <—91 may be taken as increasing 


* Cf. Norlund: Differ enzenrechnung^ Chap. XL 
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from argei+ TT to arg(>t 
+ 371 on li, and from 
arg Hi to arg + 2 tt 
on Li, while arg t has 
values near arg()i, and 
arg {t — Q 2 ) is deter- 
mined in the same waj' 
as for the straight line 
integrals. The solutions 
M(;r) and thus 

obtained are each valid 


in a half plane, and they differ from hi{(r) and //iCa;) as 
previously defined, in case the latter exist, only by a constant 
f.actor, namely 


(142) h\(x) !A{x) ^ 


as we see by shrinking each loop down to a line segment 
and a small circle about pi. 

All the restrictions are removed if we use double loop 
circuits, like that described in § 3, Chap. II (cf. Fig. 5), 
about two of the points 0, ?i, nt, x . AVc obtain thus six 
solutions which are entire functions. They differ from the 
six solutions (141), when the latter exist, only by periodic 
factors [cf. eq. (90)]. AVe have, namely 


(143) 


(«) (1 — (1 — hi {x ) , 

g'i{x) - 

I" {x) = — 

m'\a) - (l-/‘^) 


Since the solutions on the left are valid for all values of 
X, fix, and ^2, we will regard eqs. (143) as defining the solutions 

* For a further discussion of these double loop circuits, see Barnes: 
Messenger of Math., 34 (1904), pp. 52-71. 
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hi (a?), htOv), Qi (.r), l^r), and wt(.r) whenever the integrals 

in (141) are not valid. We will assume for the iWeseiit that 
neither nor 4* is a negative integer, since some of the 
solutions are meaningless in that case; these excluded values 
will be discussed in § 10. AVe sec that [(x) is an entire 
function, while the other five solutions sire analytic thronghout 
the flnite part of the plane except for i)ossible jndes at i)oints 
where the periodic factors vanish. 

Consider the solution Jitix) in (141); if we set f - (»i r, 

then t — — — (>i(l — r) and 



where x ~ Qs/qu* Using the first fonn of t — pj, we have 
hi(x)~(-Qtf'{(ii -- '(1— |i— 


Tf |1— *|>1, the last factor of the integrand can be 
expanded by tlie binomial theorem and the resulting series 
integi'ated term by tern with the aid of eq. (89). If the 
restrictions E{x)>0, Ji(Jii)> — 1 are not satisfied, we may 
use the definition of Aj (x) given in (143) and evaluate h" (./•) 
by means of eq. (90). In either case we find that 


hi (aO (— (»i)'^'(ei “ dif* (^1 A + 1) 

- ^ A+2) + .. 

— ( ei) (di 9i) -pi 

li A _ A + 1 I \ 

V 1—* ;i-+A + i “*"■■) 

(— di)^' idt — dsY* df A -M) 

xF^fii + 1, — A» ■i‘4- A + 1) Yzi~j > 


Avhere F denotes the hypergeometric function (100). Since 
the variable x occurs only in the third argument of F, this 
* We will suspend temporarily our convention that j oi | p?; | p* ] . 
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hypergeoDietric series is included in the class of factorial 
series, defined by eq. (98). If pi and Qs have values such 
that |1 — k|> 1, it converges for all values of x except 
— — 1 , — fii — 2, — fii — 3, • • • ; even at these points ht {x) 
is analytic, since the series is multiplied by B{x, 
which has a zero of the first order at these points. The 
only points where hi {x) is not analytic are x = 0, — 1, — 2 , • • • , 
where B{x, A + l) has poles of the first order. 

Using the second form of t — pa, we find in the same 
way that 


hi(x) = (— pi)*** (— P 2 )* (i\^B{x, A + 1) 

xfIx, —fit, x-\-fii-\-\,^, 

provided lxl>l. Two other forms for liiix) are obtained 
if we set f = PiPsr/[p2 — Pi(l --*■)], which may be written 
in either of the forms 


Qi — Qi \ 1 — * 




the con’esponding fomis of t — pi and t — pg are 

and 

respectively. With these values we obtain the forms (b) 
and (d) of hi (x) in (144) below, which are valid if 1 1 — x \ > 1 
and I X I > 1 respectively. 

Similarly, if we use in hs{x) the transformations 


t 


QtT, 


gi— ?*(1— p) ’ 


and evaluate the integral in the same ways as above, we 
obtain the four forms in (145). These results might be derived 
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from those for h (x) by interchanging gx and and i3i , 

since this interchange leaves eq. (103) unaltered. 

The other four solutions in (141) or (143) may be evaluated 
in a similar fashion. We obtain thus a set of 24 solutions 
of eq. (103) in terms of hypergeometric series, analogous to 
the 24 series which satisfy the hypergeometric differential 
equation. They are namely : 

(a) (— Ci)^* (?i — 9 s)^‘ JHx, 4- 1) 

+ 1, — A, -f 1, j j, 

(b) (-?./■ (- e,)* (—‘VI'bC.-, a + 1) 

X F [.r, X + A + -f- 1 , X + -h 1 , -.— ■ , 

(144) /ii(x)l l-~xl 

(c) (— ei)^‘ (— C>a)^‘ B{j;, /Ji + 1) 

'xf{x, — /Sa, a’: + A + ^ > 

(d) -(>*“'"• ^ JKx, /«. + 1) 

X (,T + /S , + A + 1 , A + 1 , X’ + A + 1 , ; 

(a) (— (? 2 —aif' e ’2 B{x, A + 1) 

xF (a + 1,-A; + A + 1, , 

(b) (-ei/* ^ 

\ ■" Qi I 

(145) Mx)- x-f^|»,*+A+A+i,»H-A + l>^^Yj) 

(c) (-ei)''‘(-?2)*??i^(*,A + l) 

xFix,—fii,x-\-^i-\-l, x), 

(d) 5(a-, A + 1) 

X ■f’ (a: + A + A + 1 , A 4" 1 , a; -f A + 1 , *) ; 
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(146) 


(147) 


(148) /(if) 


f(a) + 1. 

X li’ (a + 1 , -/«*, 1 -^j-) , 

(b) - + 1, 

X j5’|l -X, X 1 X j r 

(C) (A + 1, - 

xF(\ — X, A4-l» 1 — X — /j*, x), 

(d) ' jB(A+ 1 , 

X F{_ X A — X fis; x)] 

(a) — (ga — — ■*' A A) 

X F |a + 1 > A> 1 ■" At ,7) ■ 

(b) i^(A + 1 , A-A) 

X f [ i - x , — j— A~A, l--'-— At Ji:-;;-) t 

(c) -((>2 — ii(A+l, -a^— A— A) 

xi<’|l — a?, A + ltl~a At jj'j t 

(d) — i?(A+l. -a— A- A) 

X F (— X— A— At --At 1— X— At-^') ; 

(a) (-l)'^»''(?2-?iy'^^=‘ ' 'e'r’ i>.(A-l-l, A-t-i) 

X jP(l— X-, A + i, /Si4-A-f2, l--x), 

(b) (— ^ 1 ) {i>i — Qif' ' (^1 -f 1 1 A + 1 ) 

X (x+ A + A -1- It A-f 1 . A -t- A+2, 1— X), 

(c) ( — 1)^*^^((>2 — Q\f ^ ' ’^'?2 * /l(A-l-lt A+ 1 ) 

X f|i — X, A-f-it A-l-A-t-2. j t 

X i'^|x+A-}-A"f ltA"f'ltA+A“l-2.~-j ; 
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(a) (-?,/* Bia-, 

X t (j", ^1, 1 x). 

(b) (— Bix, -.r-A-Zls) 

>" t ( X /^a? fix fitj ^ ^)» 

<149) m{x)' (c) ' B(x, 

X F (- ./—/«, -/?s, -/?„ ) .=^= 

1'lie convergence of the hypergeometric series de])en(Js on 
tlie fourth argument, which is a function of x = !?a/pi. If 
i>i and (>a liave values such that the fourth argument is 
less than 1 in absolute value the series converges for all 
values of c; if it is greater than 1 the series diverges 
The fourth argument cannot be eiiual to 1, since by hypo- 
thesis (>i and Qs are different from each other; it may however 
have its absolute value equal to 1; in this case the hyper- 
geometric series (100) converges if R{y — u — ^) : — 1, and 
diverges if li (;' — « — ^) < — 1 . If the expression y — « — /S 
for one of the series above involves x, this means that the 
seri(;s converges in a certain half plane; if not, the convergence 
depends on the values of and The series break down 
when the third argument is zero or a negative integer, but, 
as pointed ont in connection with /q (a;) iibove, the solutions 

* The transformations of the variable of intej^ration needed in deriving 
the above forms for Ai(;r) and h^ix) have already beem stated; for the 
other four solutions they are as follows. 


(a), (d), t = 

t"’ 

(b), (c), t =: 

"i — VaT 


a., 

(b), (c), t = 

— Ol T 

</!(»): (a),(d), t = 


1— r *’ 

lix): {sC),ic.),t~ 


(b),(d), t = 



(>i — (ih — 

m(x): (a), (d), t = 

— (>2T 

1~T ’ 

(b), (c), t = 

— ihr 

1 — T * 
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remain analytic at such points, and their values can be 
obtained from the series of beta functions from which the 
hypergeometric series were derived. 

Under our convention that |pi| ^ jpal, i. e., [x] 5^ 1. at 
least one of the four series for lvi{x) and gi(x) converges 
for all possible values of A, and /^g; for if , 

the series (145c), (145d), (l4Gc), (146d) all converge, while 
if |?il •= ks!) the series (145 d) and (146 c) converge when 
+ /da) < 0 and (145 c) and (146 d) when It (fix + /dg) > — 2. 

In the case of the solutions /<i (a;) and //g {a), however, all 
of the series diverge if qx and (». have values such that x 
lies inside both the circles | x | — 1 and j 1 — x | = 1 . Tu 
this case series which are convergent, though of a less simi)le 
form, can be obtained as follows. In evaluating the integral 
form of /«! (a;), instead of setting ^ as above, let us 


set t — Pit"; then 

( 1 — <■"'/' 


1 


1 — 


l-r'" 

1— X 






If the third factor of the integrand is expanded by the 
binomial theorem, the resulting series converges inside a circle 
with its center at r — 1 and with the point r = x"’ on its 
circumference. If x does not lie on the axis of reals between 
0 and 1 (i. e., if arg arg(>8), we can give m a positive real 
value large enough so that x'" lies outside the circle \t — 1 ’ — - 1 ; 
if X does lie on the positive axis of reals, it is necessary to 
give <0 a complex value. The third factor rvill then be 
analytic inside a circle with center t ~ I and radius greater 
than 1. The second factor of the integrand is analytic every^ 
where in the r-plane except at r = 1. By the binomial 
theorem, 

which converges for |1 — t |<l. Substituting this in the 
second and third factors of the integrand, we have 
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/*l(x) = Pi/*?? 

X [Ao-]-A, (I -r) + . . .] dr, 

«/0 


where 


Ao — s+r> 


/S, (o) — 1) 


^2 


etc* 

2 (1 — x) ft) ^ 


The power series here converges in the neighborhood of 
r~ 1-,* hut the function it represents has no singularities 
nearer to 1 than x‘"; hence the radius of convergence must 
exceed 1. We can therefore integrate term by term if 
R(x/o))>0, Z»’(i5,)> — 1, and obtain the series 


'i A^. + i) , , /'(A + 2) 


The coefficient of An is equal api>roxinnitely for large values 

X 

of n to (/Si + w + l) as we see from (65); comparison 
with the absolutely convergent serips 


Ao -t- Ai(l + e) + As (1 4- *)* + • • • ? 


where t is a sufficiently small positive constant, shows that 
the series for hi (x) converges uniformly in the neighborhood 
of every value of x. It may be written as a factorial series: 


(150) 


h (xi) = (-Q^' (Qi - dl ^ u ! 


Ao + Ai 


+ Ai 


X 

ft} 


+ A + .1 


(/gi + l)(^.+2) 

(4+*+')(4+a+" 


^+' 


* Of. e. g. Knopp : Theorie intd Anicendung der unendliclutn lieihen 
(2n(l ed.), 104, p. 179. 
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Evaluating /7s (x) in the same way, we have 

■X — fif 


(151) 


.98 (x) 


- fe -e, i*(- 

^8 1 




-4o + Ai ■ 


— » — A — /®8 


j A + 1 


0> 


• A "I" 1 


Avhere M differs from Ai only by the interchange of A and A- 
We will now prove that the solutions A (;>■)> (x), <7, (a?), 

/7s (x) are identical with the principal solutions Jhi (x), Ais (x), 
//ii(x), ffisix) obtained in §6. From (144a) and (1458), in 
Avhich the hypergeoraetric functions contain x only in their 
third arguments, we see with the aid of (65) that if ,r->ao 
in the right half plane 


Urn [A h\ («)] ^ (—91)^' (ei — 92)^* f’(A + 1), 

lim A(a;)] (-^s)''"- (p8-(>i)'*' ^'(A + 1). 


In case (144a) is divergent we may use (150), and in case 
(145a) is divergent we obtain the same limit from (145c) 
or (145 d), in which the hypergeometric functions approach 
the binomial expansions of (1 — xf' and (1 — as 

a; ^ 00 . Hence if ive ivritc 


(152) 


f = (— (91 — ihf- jf’(A + 1) , 

i Si ^ (— 9sy^* (92 — 91)^* ’(A + 1) . 


Ave see that hi {a) arid hi{x) are represented asymptotically 
by the first teion of A (.r) and A (*) respectively in the right 
half plane. This is sufficient, as we saAV at the end of § 6, 
to prove that hi{x) AiC^) and hi{x) — 7112 ( 3 ?). 

Now let a;-»oo in the left half plane; (— a:)->co in the 
right half plane, and Ave have from (146 a) and (147 a) 

lim Vi(*)] = (■— 9i)'*‘(9i — 98y**^'(A4-l) =" 

. T— >00 

lim [9-7*a7»*+V8(^)] = (-98)^*(98-9>)^‘^(A + l) = *8. 
^^•->00 
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If (146 a) and (147 a) are divergent we may use (146 c) or 
(146 d) and (151). Hence (ji{x) and //*(■*■) ar® represented 
asymptotically by the first term of Si{x) and <Sg(a:) in the 
left half plane, and this identifies them with f/, , (.<) and 
/yi 2 (a;) respectively. 

The principal solutions may also be expressed by means 
of series of partial fractions.'" liCt a be a point on the 
straight line joining 0 and gi, nearer to 0 than is. The 
contour consisting of the straight line segment from 0 to a, 
a loop />i enclosing but not (> 2 , and the straight line segment 
from (t back to 0 is equivalent to the loop U of Fig. 8, so 
if /<?(«;) >0 we have 




The last integral is an entire function, which we will denote 
by (1 — e"'“'’')/(,’i(.r)-, then if A not an integer 

//,(/•) = /^t(.r) + (-et>'‘(-9i>'* 



If we expand the second and third factors of the integiand 
by the binomial theorem, tlie resulting scries converge 
absolutely and uniformly along the path of integration, since 
j a I < ; Pa I . Multiplying them together and integi'ating term 
by term, we have 


, rA(/«i— 1) I , /**(/«*— 1)1 , \ 


It is evident from the way this series was derived that it 
converges if M (;/;) > 0 . It also converges for all other values 
of X except 0, — 1, — 2, • • •; for the convergence of a series 


Of. Norlund: DiJjerenzenrechnuntj. p. 330. 
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depends on the terms after the wth, where n is arbitraril}'^ 
large; hence even if R{x)<0 we can choose w large enough 
so that R{x-{-n)>0, and the terms after the wth are then 
obtained by integrating term by term a uniformly convergent 
series. The convergence is uniform with respect to x in the 
neighborhood of any point except 0, — 1, — 2, •••, so the 
series defines an analytic function of x; it is equal to Jh (r) 
when B{x)>0, but since both hi(x) and the series are 
analytic for all values of x except 0, — 1 , — 2, • • • , they 
are identically equal. 

Similarly, if & is a point on the straight line segment 
joining 0 and gg, and if /ig is not an integer, 


/ig (./•) 


/is (a;) + (— (— 





where Fg (x) is an entire function. We see from these partial 
fraction series that the residues of /ii(x) and hg(x) at the 
poles 0,-1, — 2, •••, are the coefficients of the expansion 
of v(t) about if = 0. 

In the same way, if we take points c and d on the straight 
lines Pi Qo and pa oo at a distance from the origin greater 
than I Pi I, we find that if /Sg and jSg respectively are not 
integers 


yiOr) = Fl(x) + c‘^^^^-^‘ 




gi ^ 2 ga 

— i) 


(^1 1 + 2 ^2 +'^2 (^^2 ^ ) ^2 


2 (.-r 4“ — 2 ) 






1 




gi ~4~ ^8 6a l_ 

d {x -j- A — 1) 


where Ei{x) and Egix) are entire functions; these series 
converge uniformly in the neighborhood of every point except 
— A — fig, 1 — fit — fig, • • •. We see that the residues of gi (x) 
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and at the poles — /?, — 1 — are the 

coefficients of the expansion of about f = cc. 

The series (148) and (149) for l{x) and mix) are all 
divergent if |1 — xj>l. In this case we can obtain con- 
vergent developments by expressing these solutions in terms 
of the principal solutions, as we shall see in the next section. 

§ 8. Relations between the solutions. 

The fundamental periodic functions. 

Since h^ix) and 7*2 (*) are linearly independent, they form 
a fundamental system of solutions of eq. (103), and every 
solution can be expressed in the form piix) /*t(.r) -|-iL(.r) Ii^ix), 
where piix) and P 2 (a^) are periodic functions. Likewise _ryi(.r) 
and g^ix) form a fundamental system of solutions. The 
periodic functions by means of which hi{x) and 7*2 (a?) are 
expressed in terms of giix) and gs(x) and vice versa are of 
particular importance, and are called i\w, fundamental pa-iodir 
fundiom. We proceed to determine the explicit foim of 
these and also of the periodic functions by means of which 
7 (.x) and m {x) are expressed 
in terms of the principal ^ 
solutions. 

Eecalling our choice (131) 
of arg^i and argp 2 , let us sup- 
pose first that argpi > arg^ 2 , 
and consider the integral 

over the closed contour 
ABODE FA of Fig. 9, made 
up of straight line segments 
and circular arcs. Since the 
contour contains no singular 
point of the integrand, the 
integral vanishes. If Eix) 

>1, Bifii)>0, and. Ri^i) Fig. 9. Fig. lo. 
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>0, we can let the radius of each of the circular arcs 
approach zero; the part of the integral contributed by the arcs 
then approaches zero, and we have in the limit (omitting 
the integrands) 



Let us choose the arguments of the factors of the integrand 
so that arg< = arg^is and arg(f— $ 2 ) = arg^s+st on AB, 
and arg(# — eO “ arg^i + zr on EF\ then by the definitions 
of the preceding section the three integrals are //a (a;), l{x), 
and hi {x) respectively, so we have 

(153) lipo) = hi{x)—hi(x). 

Similarly, the integral over the closed contour CDGHIJC 
of Fig. 9 vanishes. If jK(a;+/^i + /®a)<0, and 

we can let the radius of the arcs DG and JO 
approach 0, and that of HI increase indefinitely; then we 
have in the limit 



If we choose the arguments of t, t — (>i, and t — gs so that 
they are the same on (JD as in the previous case, the first 
integral is /(x) and the third //.(.x-); but in the second intcgi-al 
the argument of t — is argpt+2?r, so it is not equal to 
Pi(a;), in which arg(<— pi) argpi, but what f/, (x) becomes 
when arg(f— 9 i) is increased by 2>t, namely e^'"'^‘.(/i(.r); 
hence 

(154) lix) (h{j-)—gi{x). 

If argpi<arg? 2 , we need merely to interchange Qi and 
Q 2 hi Pig. 9 and integrate over the same contours; eq. (153) 
remains unaltered and (154) becomes 

(155) lix) = ix)-i"'^^ !h ix ) . 

Since both sides of eqs. (153), (154), and (155) are analytic 
for all values of x, A, and fii (aside from the poles of the 
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solutions), these results must be identities, so we can drop 
the restrictions placed on x, and /Jg above. 

If in Fig. 9 we increase the argument of (<o until it is 
equal to that of px, we get Fig. 10, from wliicli we see that 


r+ r = T- 

T'* 1 

f'l't f 

1 — 

= — 

Jo .;o ' 

•Jo,, cJ 

'cO 


if we start with argf argpg (= argpi) and arg(f~pi) 
= arg(i! — pg) = argpg + ''', these eipiations show that 
eqs. (lOS) and (154) continue to hold when argpi ■ argog." 

Returning to the case 
argpi>argpg, let us 
integrate over the 
contour ABCDEFA 
of .Fig. 11. If li{x) 

>1, and 

tr ^g) <1 0, we 
can let the radius of 
the arcs AF and BV 
approach zero, and that 
of DE increase in- 
delinitely; then in the 
limit 

(*<K I'*®’ 

I — — I -- 0. 

e/0 e/oo <!/ 

If we take argf — argpg and arg(f — pg) - - argpg4-.r on 
AB, with arg(f— pi) between argp, -l-rr and arg p, +2 /r, 
the three integrals are respectively //g(x), //a (./■), and 

yn{x)\ hence 

(15(5) m{x) ~ — c‘'“'^ 47 g (x-) . 



Integi’ate now over the contour GHIJEFG, taking 
argf — argpi and arg(/ — pi) — ' argpi+Tir on GH, with 

* According to our definition of the integer A in S the case arg (>i = arg 
is the limiting case of ai*g oi I> arg »2j as we have taken it here, and not of 
arg < arg (>2. 
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arg(i~()s) between aig (>2 and arg ('2 + 7i. If 
Jii/ti) >0, and we can let the radius 

of the arcs FG and HI approach zero, and that of JE 
increase indeflnitcly, so 



The three integrals are respectively //i(^), and mix) \ 


hence 

( 157 ) (r^m(x) ~ 


oo 


(>1 


9* 






If argei < iU'g(>4> wc find similarly that 

(158) m(x) ----- — 

(151)) — - AsC') — ffiix). 

Equations (156)-(151)) are all identities in 
X, A, and /Si, so we can drop the re- 
strictions on these quantities. 

If we increase arg^j in Fig. 11 until it is 
equal to arg(>i, the two contours used above 
become like those in Fig. 12, and we see 
that (loti) and (157) continue to hold. 

If we equate the vahie.s of l(x) in eqs. (153) 
and (154) and the values of m(x) in eejs. (15G) 
and (157), wc obtain the equations 


h I (./•) — hi (.!•) gi (aO — /y- (;r) , 

/<i(.c) — //i(a') = As (a ) 


Eliniinatiug in turn AsCc) and A i (y) between 
these, we obtain the equations 


(160) 


Cr) j- fh ('*'^ 1 fSnij; (^'^ * 

h (.r) = /A ('^) + " fls (■^•)' 
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which express the solutions of the tivst principal system in 
terms of those of the second in the case arp:(*, argpj. or 
K 1. Ih’oceeding similarly with eqs. (loil). U5r>'). (loH), 
ami (159), we tind that 


( 101 ) 


/o (•>•) 

A.Cc) 


[ __ " 1*.' 

(1 )/"•■' 
1 


1 <•- 

^ AC 


i ' ) 


in the ease ai*g(>i er / - - 0. These twe pairs ol 

e(|uatioiis may bo combiiietl in the form 

‘I7ti ur * ) t 


'J.li i.r I W.,t 


Ao (.#) 


'V :,... //.Ic) !- ' 


where 

(100) 


1 


t.iiit 




1 


If we increase the argument of oj by 2k. f . wliere k is 
any integer, //al-c) and hi^.v) have to he replaced by c 
and //a (.t); but A is diminished by k, s(t ecjs. (102) 

remain ti iu' for all values of A. i. e., for arbitrary deter- 
minations of arg(|i, and argpi. 

The pci’iodic functi«tns in (102) are what we called at the 
beginning of this section the jifriod/i- J'liiirtnnis. 

They form a matrix 

/'ll(') pu-C'') 

* ^c) l^a (c ) 

1 — e '■ C, f! 

1 1 - - 




(104) 




•M-nir 

l-v /! 

1 


1 


'.f-T ;!,) 

- (' - • 
1 - - (r'''-'’ 


The matrix solutions //(r) and f/(ie) of ecp (lOH) are con- 
nected by the relation Hh) Gh) /Tr), which is equivalent 
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to eqs. (162), as we see by expanding the matrices. If we 
multiply this on the right by P~Kx), we have G(x) = H(a)F-Hx), 
so the matrix of periodic functions by means of which G{x) 
is expressed in terms of H{x) is tlic inverse of P(r); its 
elements are 





- - f'l 

it nix) ~ 


Piiix) 




Piiix) 

1 ... 

Pi\w " 

1— ’ 



Hence 


(1(55) 



j ^ ^ ^ fli) 


These equations can also he ohtiiined by solving eqs. (162) 
for ffiix) and gi{x). 

Kq. (153) expresses l{x) in terms of and As (as) for 
both X 1 and X == 0. Eqs. (154) and (155) can be combined 
into the equation 

(lai) 9, 

which holds for both values of !■.* We observe that the 
periodic functions by which Kx) is expressed in terms of the 
principal solutions are inerely constants. 

If in eq. (156) we replace Xu{x) by its value from (ICO), 
and in eq. (158) replace hi{x) by its value fi'om (161), we 
obtain in both cases the equation 

(167) mix) = + I C^') • 


* It does not, however, hold for general values of unlike eqs, (1G2) 
and (165); we have in fact defined the solution /(x) only for A = 1 orO. 
Similar remarks apply to eq. (168). 
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Similarly, eliminating .</,(»•) and from (15(5) and (158) 
Avitli the aid of (165), we obtain two equations which can 
be combined in the form 


( 168 ) wi(a')~ 


r, 


•J(l 

<*4 C * 


which holds for both A^aliies of X. 

The formulas of this section enable us to express /(.»•) and 
m{a-) in terms of convergent seiies when p, and ps liave 
values such that the series in tl48) and (149) all diverge. 
Wc have already observed that ^.>) is an entire function; 
this is also evident from eq. (1.53), since //,(.r) and //j(.i) 
have the same poles tvith the same jcsidnes. W'e sei; from 
eqs. (156)-(159) that «/(;!•) has two sets of poles, one ex- 
teviding to the left and one to the right, namely ./• 0. 

— 1 , — 2, . • and .r ■- — /J, — /**, 1 — /*, — .... 

We will now- obtain analytic expressions for th(^ intei'inediate 
solutions, whose existence and asymj)totic inoperties wio’e 
proved in § 5. As tve .saw there, tve can take i/ui.r) ■ /Ma(a;.). 
!/k(x) - ^ /iTiix), i. e., i/\.i{cr) h-ii-r), !/Ln(,r) — j- 1). In 
case - p*;, we can also take i/nix) ~ i/n{x) 

— //i(./ + l)) so we need to consider here only the case 

1(5 -> it's!- 
Let us write 

y\ , (:,■) j, (., ) //, (;>,.) -f (f (./•) //^ {:,■) , 


whei’e ^j(.c) and iji/r) are periodic functions to be determined, or 





+ vC^) 




Let a: -> X along a ray in the first quadi-ant parallel to the 
axis of reals and sufficiently far above it to avoid the sin- 
gularities of t/n(x). Along this ray (x), by § 5, s() 


1 '^pix) + q{x) 1^*1 I” -I j ; 


8 * 
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but the factor {(fi/ciY approaches zero exponentially along 
this ray; hence !• Cv P(^) = 1> so 

(169) yn («) k (x) + q (*) h (») • 

Now express hi (x) and Ih (t) in terms of //i (x) and .Va(x) 
by (162): 

(' 170 ') [pni3i‘)-\- fl{^‘)Pia{x)]yi(x) 

+ [Psi (a^) + q (a) Pa (.r)] (x) . 

Lot X -> oo along a ray in the second quadrant nearly parallel 
to the negative axis of reals; yn (x) ~ 6', (x), so dividing by 
we have 

1 ~[pu(x) + 9(x)j>is(a:)] 

+ (I'ai (x) + q (x) pis (*)] I ‘ ■ 

But (ps/pi)'' becomes infinite exponentially if the angle which 
the ray makes with the axis of reals is small enough; hence 
we must have 

Pi I k') + q («) P 2 S (x) = 0 , 

or, by (164), 

. X _ _/^2l (f) Cj 

Piiia‘) t — 

Using this in (169) and (170), we have 

1 — V. ^ " 

(171) I ^2?W*(a7-f 

These equalities hold sufficiently far above (or below) the 
axis of reals; but since the second and third members are 
analytic near the axis of reals, they may be regai’ded as 
defining yn (x) there. In the same way we find for the other 
pair of intermediate solutions that yii(x) = yi(x) and 
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yUO) = //s(a-0+ 

These formulas enable us to study the imoperties of the 
intermediate solutions near the axis of reals. We si'e that 
<j'n{x) and / 7 i 2 (.t) are both analytic except for sinipb' poles 
at all points congruent to .r — ^s\ //lOr) has zeros at 
points congiTient to x - — — on the left, and ijvA-t) 
has zeros at a; — 1. 2, 3, • • • . 

We can express y'w (./■) in terms of a hyporgeometric serif's 
by using its second form in (171). By eti. (59). 

/'(./• + 1 

/Xr + A+'/Ss-hl) ■" ■ /’(]— a--/Js) ’ 

hence, by (146a), 

;yu(;'') = (— Pi)'^'((»i IA‘' 4-/«<2. /(fi 1) 

X A’j/S, + I. 1 

The other three forms of .f/i (.»•) iii (146) may also be. used. 
Similarly, 

—■ — («a — r>( — /fj, /?s -f 1) 

. . F (/S, + 1 , - + /its 4- 1 , ^ 1 . 

% 9. Asymptotic forms. 

With the aid of the fundamental periodic funetimis, we 
are now iu a ])osition to study the a.symptotic forms of the 
principal solutions in the entire plane. 

W'e have seen (§4) that /«*(.*•)[— /^^(a)] is representcMl 
asymptotically by Si^r) for lai^e values of ./• in the sector 
— TT < arga:< let us investigate now how this solution 
behaves as x along a ray parallel to the negative axis 
of reals. By (162) and (164), 


/;.(;/■) =- pxAor) r/i (a?) + Pss (a^) .(/*(»•), 
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whence 

(172) hi(.r) Si(x) 

along such a ray. If the second term is the 

dominant one, .since (pi/pi)* increa.ses exponentially along the 
ray, so in this case //s (.r) ~j>i* (aj) *Ss (.r). Suppose fliRt that 
the ray is above the axis of reals, and write x = u-\- i c 
(h <0, we see from (164) that p 2 s (•'>") differs from 1 

by a quantity of tin; order of e hence we can wiite 


hi (a;) ~ [1 -f- /r (a )] ^i ix ) , 


where /r(.r) is a periodic function such that ' rr (a-) I < J/e" 
for large values of c, M being a constant. Since 
approaidies zero very rapidly as v increases, we have /?2(.r)~AS',j(3;) 
with as close a degree of approximation as Ave AA’ish by 
taking the ray far enough aboA’’e the axis of reals. 

If the ray is below the axis of reals, jJ 22 (a'') differs from 
by <1 (niiiiitity of the order of c ; hence, just as 
above, we iiavo ^’^(a;) to an arbitrary degree of 

approximation if Ave take the ray sufflciently far beloAV the 
axis of reals. Here •Ss(ir) denotes the determination of the 
series for . 7 s(a), i. e., for the argument of x near >t; if we 
take the argument near — rr, Ave have // 2 (j)~»S’g(x). 

Hence Avhen 'PsI AA'e may say that hi{x)<^Si{x) 

along any ray in the Avhole plane, except one which is near 
the negative axis of. reals throughout its length. A similar 
argument shows that //i(./)~*S0'f') along any ray except one 
Avhich is near to the positive axis of reals or to the roAV of 
poles at X ~~ — /tf, — /Jg, 1 — /*, — /* 2 < •••• 

If | | , flic two teriRs in (172) are of the same 

order of magnitude, and hi{x) is represented by their sum 
along any ray parallel to the negative axis of reals. Similarly, 

.(/i (a*)~Pii (a-) >''*1 (a-) + />gi (a) ‘Vg (j:;) 
along rays parallel to the positive axis of reals in this case. 
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Consider now the behavior in the left half plane of the 
solution //, (.f). which we know is represented asymptotically 
in the right half plane by Hy (162) and (164). 

/<,(.!•) ;>it(.e)//i(./-)4j<ii(.*)//j0<): 

hence along any ray in the second quadrant 

(173) // 1 (;r) ~ .S'l (.»•) -f <■» 4'* .S'; (.»•), 


The dominant temi depends on tlie factors (*[. 

if Avc divide by the ftrst one and use only the exponents, on 


0 . 2. ft a 


log(»i- log C'l 
2.1/ 


AVriting O'- /( -j /r (// , 0. /• t» ioai using (1.32). we see 

that the real ]»art of the, second exponent is hv — 27ra/'; 
this is negative if r! ,n \ • h!2;fti and po.sitive if <■/ tt. hl2irii\ 
in the former case the tii'st term dominates, in the latter 
case the second. Henc.e there is a rrithul rat/ in the second 
quadrant, making the angh' 


(174) ly • tan 



log gt i — log iPsi 
2A.T-f arg«s —argy, 


with the negative axis of veals, af wliicdi the asyniptotie 
fonu changes; we have namely 7i, (;/:) if arg ./• <~,/f — f, 

and S^(j) if // — • arg./: < /r. Along the 

critical ray itself the two terras on the right in (173) are 
of equal order of magnitude, so //, (.»•) is represented by 
their sum. 

In the third quadrant, 

//, (./■)~e‘‘^’'’> .S'. (./•)— 


here *S’. (./;) and .S’* (.r) denote, the determinations of the scries 
for which the argnment of x is bet.we(*n /r and 3tr/2; if we 
diminish the argument by 2/r, we have 

//.(2;)~i', (,r) — 40- '>/» » ,Ss(./ ). 
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The dominant term depends on the exponents 


0, 27fi — 1 + 


loge* — logfc>i 


271 i 




the real part of the second is — hu-\- 27 i{\ — a) v (h< 0, ?;<0); 
this is negative if vlu^hl27t{l — d), and positive if v/'u< 
6/271(1 — a), so we have another critical ray in the third 
quadrant, making the angle 


(175)1/7 


tan-i _ J _____ = tan-i - - J 

27r(l — a) 2(1— A.)7r + argpi — arg{>2 


with the negative axis of reals. The first term dominates 
if arg X > — and the second if — ;t < arg .x < — tt 

Summing up these results, we see that 


(176) /<i(x)~ 


— CaC ^ —tc <C argx<C — 7t-\-tji; 

8i (x), —7r-\-xf)< argx<iT- <p ; 


(Cat^^^^^i_Va(a;), 


;t — 9?<arga:<7r. 


Similarly, by expressing .92 (aO in teims of hi(x) and 62(a) 
by (165), we find that 


//2(«)~ 


Cl ^S'l (») , 

82 (x), 


0 <a.Ygx < tp; 
tf> < arg X < 2 /T — y ; 

2 /r — 5p < arg x < 2 tt . 


Here f and ip denote the same angles as above. 

The asymptotic forms of l{x) and m{x) in the right half 
plane can be obtained from their expressions in terms of 
hi (x) and 62 (x) [eqs. (153), (168)], and in the left half plane 
from their expressions in terms of gi (x) and gi{x) [eqs. (154), 
(155), (167)]. We find that when 1 == 1, 

* If argpi = arg{>s, we have a = ], so tf> = nj2 and the second term 
dominates everywhere in the third quadrant except along rays parallel 
to the negative axis of imaginaries, where the two terms are of equal 
order of magnitude. This agrees with our discussion of this case in §6. 
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C3 S2 (*) , 

— Cs fSg (x) , 


—7r-\- »/^i<arga;< ipi\ 

i/'i < argcc <7i -\- «/', ; 

0 < arga; < t/'i ; 

»/'i < arga;</r; 

71 < arg* < .r -\- ; 

'T-f «/'i<arga'<2iT; 


h(^re tpi denotes the value of tp [eq. (175)] for 1^1. When 

An-_.0, 


in (x) ' 


[ 'J’U*), 

- ?ro<arga,<iT — </o; 

[~Si{x), 

— — 9>o arg x< — 9>(, : 

' dSyix), 

0 < arga;<; a — '/'o ; 

<-«»S2(«), 

5T — 9i„<arg.a;<;T; 

Si {a), 

.r < arga;<2/r — c/^o; 

-c, 

2/r — </.o<arg.c<2>T; 


tfo denotes the value of y [eq. (174)] for I — 0. These 
solutions have critical rays in the first and third quadrants 
if 1 = 1, and in the second and fourth if 1 = 0. We note 
that the results above give the asymptotic fonvi of l(x) in 
the complete neighborhood of r go; in the ease of m(x) 
none of the forms hold near the positive or negative axis 
of reals. 

§ 10. Reducible equations. 

A linear homogeneous difference equation with rational 
coefficients is said to be rediidhh if it has a solution in 
common with an equation of the same type of lower order. 
In accordance with this definition, a hypergeometrie difference 
equation is reducible if it has a solution ;y (a;) which satisfies 
the firet order equation 

(38) y{x-\-\) — r{x)y{x) = 0 [r(a5) rational], 

which we studied in Chap. II. 

* Wallenberg und Guldberg: Theorie Her linearen Differenzengleichnngen, 

p. 114. 
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If eq. (103) has a solution in common with tliis, it is 
satisfied by both the expressions (74), since any solution of 
eq. (38) differs from each of these only by a periodic factor. 
These two solutions are represented asymptotically by the 
series (44) in the sectors — tt < arga ; < it and 0 < arg x <2 tt 
respectively. But this series must be either A'l (x) or (x) 
(apart from a constant factor), on account of the uniqueness 
of the latter, and hence the solutions (74) are proportional 
either to /ti (x) and fft (x) or to ks (x) and //« (x). Since the 
solutions (74) differ from each other only by a periodic 
factor, it follows from (1(52) that either Ci or Cj is zero. 

This necessary condition is also sufficient. For let ci — 0; 
then by (162) /<a(a') = paa (*) fys (x)- Consider the ratio 


/ \ ^ /<» (a; + 1 ) f/a (x' “I" 1 ) . 

y(,.) ^ - , 


from the asymptotic forms of /e. (a) and //a (a.) we see that 


<f (x) ~ 


iSj (a; "1" 1) 



in the complete neighliorhood of a; = oc . It follows, as we 
saw in § 6, Chap. I, that this series is convergent for large 
values of x. The function (i>{x) is therefore analytic out- 
side of a certain circle; inside this circle it has no singu- 
larities except a finite number of poles; it must therefore be 
a rational function r(a). This shows that /(2(a;) and //.(a) 
satisfy an equation of the form (38). In the same way we 
see that if c. = 0, /j,(a) and ffi{x) satisfy an equation of 
this form. 

Theorem. A necessary and sufficient condition that eq, (10.3) 
he. rediicible is that either' Ci or Cs he zero. 

We see from (163) that'ci or ca is zero when and only 
when /Si or /S, is an integer. In § 7, however, we excluded 
negative integral values of and /9s. so we need to in- 
vestigate these values. 
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If we regard Ai(.r) and //,(x) as functions of A, thej’ are 
anal 3 rtic in general, but have simple poles at A = — 1 , 
— 2, — 3, • • •. If we multiply them by 1 — we get the 
solutions /<i(a.) and //[ (a;) [eq. (142)], which are analytic for 
these values of ; these solutions are represented asymi)- 
totically by (a) if we multiply Si [eq. (152)] by the saine 
factor. This multiplication by 1 — is equivalent to 
replacing r(4i+l) by r(^i+l), as we see from eq. (57). 
We will define Tiiipc) and (fiix) as the principal solutions in 
place of hi ipc) and (ji (x) when fii is a negative integer, and 
similarly define 

/4 (.*) == (1 - 6 ^"''^’) //, {x ) , <jk (;/•) (1 - H, (X) 


as the principal solutions in place of hs(x) and f/i(x) when 
/Ss is a negative integer. 

If we multiply the first equation in (162) by \ — 

(— c,), we get the identity 


/I'lix) 


f/i i-f:) + J: i 


j p^nix 


if now wc let fii approach any negative integer, Ci-»0 and 
the equation becomes hi (./■) = ffl (x). From this equality we 
infer as above that the ratio h'i{x-\- 1)/Ai(x) ~ D/^iCx) 

is a rational function, so eq. (103) is reducible. A similar 
argument shows that if is a negative integer, then Cg = 0 
and hi (x) {ji (x), so again eq. (103) is reducible. This 
completes the proof of the theorem above, and also of the 
following one. 

Theorem. A necessary and stifficimt condition that eg. (103) 
he reducible is that either fii or fi^ he an integer. 

The forms of the principal solutions of a reducible equation 
are readUy obtained from eijs. (144)-(147). Thus if A is 
zero or a positive integer, all of the terms of the hyper- 
geometric series in (145a) and (147 a) are zero except the 
first A-f 1, so hi{x) and .(/^(x) have the respective forms 


^2 


r{x)_ 

r(x + 4s + i) 


R{x), 


ef - 


/’( — X- 

r(iz 


X ) 


B'ix), 
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where B{or) and B'{a^ are rational functions. The denomi- 
nators of jK(a:) and B'{x) may be combined with the gamma 
functions in the denominators, giving us 




Fix) 


n- 


F{x-\-fii +/®2 + l) 




-X- 




r{\-x) 


P'{x), 


where P(a;) and P'{x) are polynomials of degi’eeA. These 
polynomials can differ from each other only by a constant 
factor (namely ' since the ratio of g^ix) to 

is a periodic function; the form of the periodic function, 
obtained from (59), is (1— f/'^*'')/(l — which agrees 

with (165) for an integer. 

If is a negative integer, we see from (144 a) that 






F(x) 


r(aj4-A4-i) 


Bix), 


where B(x) is a rational function, and if the denominator 
of B{x) is combined with P(» + A + l) we getr(a;), which 
cancels out; h[{x) is therefore equal to Qf P{x), where P(x) 
is a polynomial of degree — A — 1. As we saw above, 
(fi(x) — hi{x) in this case. Similar results are obtained 
when /dj is an integer. 

The discussion above shows that if <5, is a, positive integer 
(including zero) or a negative integer, the solutions h^{x) 
and gi{x) satisfy an equation of the form (38), and that if 
A is a negative integer or a positive integer the solutions 
hi(x) and yi(.x) satisfy such an equation. The other pair of 
principal solutions in each case do not in general satisfy 
any first order equation of this type ; this is true even if 
is a positive integer and /?g a negative integer or vice versa. 
If, however, ydi and /dg are both positive integers or both 
negative integers, all the principal solutions satisfy equations 
of the form (38); in this case the equation is called completely 
reducible. The gamma functions cancel out, and each solution 
is equal to multiplied by a rational function. Thus for 
the equation 
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(a!4-3)^(x- + 2) — (a" + 3)»/0j" + l)— SiPY/Cj") =- 0, 


in which = 2 , — — 1 , A — 0 , A 

solutions are 




_ 2 ^( 3 * 4 - 2 ) 

X (x “f" 1 ) 


Ih (^‘) 


~ 1 , the principal 




J-l)'- 
,rOr + l) ■ 


§ II. The Riemann problem. 

In the theory of linear differential equations Riemann pro- 
posed the problem of determining' a differential equation of 
given type which should have prescribed monodromic groiq) 
constants. An analogous problem for systems of linear differ- 
ence equations of the first order with polynomial coefficients 
was proposed by Birkhoff* and later solved by him.l 

Following Birkhoff, we will give the name characteristic 
comtants to the roots i>i, (<2 of the characteristic equation 
(101), the exponential constants A? A in the formal series 
(106), and the constants Ci, c^ of the fundamental periodic 
functions (164). The question may now be asked whether 
it is possible to find a hypergeometric difference equation of 
the form (99) which has prescribed values for these six 
constants. That this is not in general the case is evident 
from the fact that eq. (99) contains only five independent 
constants, namely the ratios of the six numbers ag, Uj , ?), , ao, bo ; 
these ratios will in general be detei-mined if five conditions 
are imposed. Let us ask therefore whether any five of the 
characteristic constants can be prescribed arbitrarily. 

Consider the. normal form (103); this involves only four 
constants: (>i, (> 3 , A; A> It is obvious, then, that a hyper- 
geometric difference equation can be found with arbitrary 
values for the first four characteristic constants,!: namely 
eq. (103) itself; the two remaining constants c, and cg are 
expressible in terns of these four, as we see from (163). 

* Trans. Amer. Math. Soc., 12 (1911), p. 284. 

f Proc. Amer. Academy of Arts and Sciences, 49 (1913), pp. 553-559. 
Gf. also NBrlund: Comptes Rendus, 156(1913), pp. 200-203. 

^The choice of p, aud pi mast of course be limited to finite values 
different from each other and from zero. 
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This is not tlie most general situation, however. In 
deriving eq. (103) from eq. (102) we eliminated the constant 
/Sg, and a reference to the transformation hy which this was 
done shows that if w'e replace x by a -f /^s iQ any solution 
of (103), the resulting function is a solution of (102). The 
fundamental periodic functions for (102) are likewise obtained 
from (164) by replacing x by ir + A; the numerator of 
jwis (» + /^s) is ri which may be written 

where ci — this is the constant for eq. (102) 

con'espondiug to ci for eq. (103). Similarly the other constant 
for eq. (102) is ci =-= By giving the proper value 

to /Sg, c[ can be made to take on any i)rescribed value if 
A = 0, and d any prescribed value if A ~ 1. If we remove 
the restrictions (131) made in § 6 on the arguments of 
and di, so that A may have any integral value, we see 
tliat.CTYAer r{ or c'i may be given a prescribed value; the 
other one will then be uniquely determined. I’he first four 
characteristic constants are the same for eq. (102) as for 
eq. (103), since the characti^ristic equation is the same for 
both, and since the (ixponential factors x ^ and x ^ in 
the series (106) are not changed wiieu x is replaced by 
a-’ + Ai’ We conclude, then, that of the six charactet'istic 
constants ga, y^i, ('i. <'t> the first four and either one 
of the last two may be assigned arbitrary values; the r&niaininy 
one tviU then be uniquely determined. The hypergeotnetrio 
equation which possesses these characteristic constants has tlw 
form (102), ivhere 

logc,-log(l~-e-^^'^0 . 

2(1 — X)ni 
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ClIAFIKU IV. 

The hypergeometric equation: irregular cases. 

§ I. The case ?2 = 0. 

In Chap. Ill we studied the solutions of the hypevgeorngtric 
difference equation (99) under the hypothesis that the i-oots 
and p 2 of thh characteristic equation 

(101) (fa (j* + fli i> -|- Uo -- 0 

arc finite, distinct from eacli other, and different from zero. 
In Chap. IV we will investigate how the theory must be 
modified when these conditions are not satisfied. In the 
present section we will study the case where one root is 
equal to zero, while the other is finite and different from 
zero; this means ffo ~ 0, + 0, 1 ().* We will denote 

by Q (without subscript) the non-zero root, i. e., (> — ^ — ajui. 
We may assume that ho 4 0, since otherwise eq. (99) is 
equivalent to one of the first order. 

To reduce eq. (99) to a normal form suitable for the present 
case, write 

- /* + )-+ 2 , 

02 

(12 



these equations determine the constants /S, y, and v uniquely. 
Eq. (99) becomes 

{x+^+Y-]-2)yix-\-2)—[q{x-\-y-\-l)+a\y{x-^l) -f Q(fy{x) — 0; 
* The case where one root is zero and one infinite is considered in § 2. 
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if we set SC -fj' = y{x' — y) — fix'), then/C*) satis- 

fies the equation 

(177) (aj-|-/S+2) */(a;+2)— l)-f-o’] y(x-\-l)+Q(fyix) — 0, 

which we will take as our normal form. 

This equation is satisfied formally by two power series in 
1/x, which may be obtained by setting 

y (x) = X* +'■■)’ 


and determining the constants a, h, d, s' Is, s" js, • • • as in § 2, 
Chap. Ill (cf. also § 1, Chap. 11), namely 


(178) 

where 


Si, (a;) — ^x ^ ^ {sy ■ 

Si (aO = X- <r® e® x ^ "I 1 > 


;; ■=(''+0(7-1). 


si' 

Si 

si 


2 

== 1 

sa “ T 12’ 

S8 2e* 


ff* . a 

’“’'2 H 

Lr ? 


( 1 -/*) + 


l3iSfi + 
12 


+Ji], etc; 


etc- 

12 e ^ 288 ’ ’ 


and Si are of course arbitrary. 

To obtain a system of two equations of the first order 
equivalent to the single equation (177), set y(x) — yi{x), 
y\x-\-\) — rjiix)-, then yyix) and «/*(») satisfy the system 


(179) 


2/1 (a.' + 1) = yi{x), 



IV, 1 THK CASE «1 = 0 129 

which may be written as a matrix equation 


(180) 

where 


r(.r4-l) = r(.r), 


0 


U{x)^- 


.'r+4-i-2 


1 

+ D + j- 

aj + /J + 2 1 


This matrix equation is satisfied fomally by the matrix 
of series 

Six) = 


g'’;i 

f /<-l 1 

h. + -r+-) 

1 a:- •* (f-” e® x ® |s, j -f 


1 

(.S-21+1' + •••) 

1 , ) 

1 0 + f + 


Avherc sn --- si, sli — si, = s-i. sis S2, S21 = gsij 
. 4 i ^ Q (si— /*st— si), S22 “ <^»2, 42 — ffS2, etc. The deter- 
minant of Six) has the fom 

I Sia) I — i(itjp)^ a: ^ + • • • j > 


where d ^ etc. The inverse of H{t) is 

i l |() + _?^ + . . .j (} 1 |tfl2 + + • ■ -j 

I x’’ (T €~ '' |o’21 4- ' -|- • • • j T^xt~ ■‘'e~^X |o 22 H — + • • • j I 

where oii — — «f/gsi, ^12 ” 1 /gSi, <^21 = l/s2! "’22 — — l/gS2> etc. 

Eq. (180) has precisely the same form as (108), and is 
satisfied formally by the two infinite products (113). If we 
let Tix) denote the matrix obtained from Six) by using only 
the first k terms of each series and form the products Snix) 
and Onix) as in (114), we can apply the argument of § 4, 
Chap. Ill to prove the following existence theorem. 


9 
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Theorem. Both elements of the second column of Hn{x) 
convet'ge uniformly as n^cc to limit functions h\%{x), hss{x) 
which are analytic in the entire finite part of the plane, and 
farm a solution of the system (179). The determinant of 
Hn {x) also converges to a limit function D {x) analytic in the 
finite part of the plane. For large values of x these limit 
fanetions are represented asymptotically hy Snix), Sifx), and 
1 8 {x) I respectively in the sector — tt < arg x < w. 

Similarly, both elements of the first column of 0 nix) converge 
unifarmly to limit functions gn (x), g^i (x) which are analytic 
except for poles and farm a second solution of (179). The 
determinant of Onix) also converges to a limit function I) {x) 
analytic except for poles. For large values of x these limit 
fanetions are represented asymptotically hy Sn{x), s^iix), and 
|iS’(a?)| respectively in the sector Q <.ary x<C.2rt. 

The details of the proof are practically identical with those 
of the general case, except that p, and in the formulas 
are replaced by q and e olx, and /Si — A by In connection 
with (117), the fact that Qi is a function of x + r, x + s, 
etc. causes no difficulty, since we may write 




' eor\~f+< 


7] 


r~t 


+ 

X 


and combine the last two factors with the corresponding f. 
The limits huix), hssixy and Il(x) are entire functions, 
while y,i(x), yn(x), and I)(x) in general have poles at the 
points — 1 — A — A1 — A---;* T>(x) and lJ(x) have the 
respective forms 


■ $ ^*2 


1/2 


TT 


/'(i^ -j- y® + 2) 




y 2 TT 


ir (S ’ 


-f + 2) 


The gap caused by the divergence of one column of Hn {oc) 
and On{x) can be filled exactly as in the general case, and 
by evaluating the sum as an infinite series we obtain two 

*<7ii('») <loes not have a pole at — I — ct footnote, p. 80. 
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paii’S of intermediate solutions with the same properties as 
before. The details of the proof in § 5, Chap. Ill require 
only slight modification apart from the replacement of pi, 
and — /Jg by q, ea/x, and /3 — i in the formulas. 

Solutions con’esponding to the principal solutions of the 
general case are obtained as in § 6, Chap. III. We take 
for two of them the solutions (.*), (x) and //i , (a), //gi (x) 
obtained above, and define two other solutions //u (a), Agi (x) 
and ,71 a (a;), ,722 (x) by eqs. (128) and (136), where i. and A' 
are integers; the angle e which the lines ^loc and Bcc of 
the contour L make with the axis of reals may have any 
value <71/2 in this case. The function /<ii(.c) is analytic 
in the entire finite part of the plane. Its asymptotic form 
in the first and fourth quadrants is given by (129) and (134), 
and in both the second term is the dominant one, on account 
of the factor x '' contained in the first term, except perhaps 
along a ray parallel to the axis of imaginaries. Hence 
//ii(x)~.sii (x) and also /<2i (x)~.s‘2i(x) in the sector — 7r/2 
<argx<7i/2; this is true regardless of the value of the 
integer A, so there are an infinite number of solutions 
with this property. Any one of them can be combined with 
the solution /«i2(x), to form a matrix solution H{x) 

of eq. (180); the determinant of this matrix is equal to />(x). 
Similarly, ,71 a (x) and ,722 (x) are analytic except for poles at 
— 1 — /*, — 1 — ■■■, and .7i2(x)~.‘f,g(x), .722(x)~S22(x) in 
the sector argx<37r/2, regardle.ss of the value of 

A'. This solution may be combined with ,7u (x), ,72, (x) to 
form a matrix solution whose determinant is i>(x). 

AVe can prove by the same argument as in the general 
case that the solutions hnix), hitix) and .711 (x), .721 (x) are 
unique. The other two solutions, hoAvever, are clearly not 
unique, since the integers A and X are entirely arbitrary; 
the difficulty is similar to that which we met with in the 
general case when the arguments of 71 and are equal. 
Let us examine the asymptotic form of these solutions in the 
direction of the axis of imaginaries, with a view to finding 
the values of A and A' which give us solutions whose 


9* 
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properties .correspond as closely as possible to those of the 
principal solutions in the general case. 

As we see from (129), the asymptotic fonn of hxi{x) in 
the upper half plane is determined by the factors 

or, if we divide by the second one and use only the ex- 
ponents, by 

•( — loga:-f logo'-|-l4'2An:«! — logg)a;, 0. 

The real part of the fii'st exponent is 
(— log I a i 4- log I <r 1 4- 1 — log I e i) M 

_ 2 „ ii+ 

Keep M fixed, and let t -»-4- <» ; since v increases more rapidly 
than log! 07 1, this ultimately becomes negative if 

arge — arg(r4-arga- 

"27r 

even if h is negative, oi’, since argo7-»7r/2 as t;-»4-^? if 
3 . arg^ — argrf , 1 

^ 2 ^ “ + 4 • 


If X is less than this value the real part of the first exponent 
ultimately becomes positive. 

In the lower half plane, as we see from (134), X is replaced 
by X — 1, so the real part of the first exponent is 


(—log I O’i 4-log 1 tfl 4- 1— log 1 ? 1) M 

— ^7t (x — 14 ” 


arg (f — arg g — arg 


27r 




Keep u fixed, and let v~*—cc; this ultimately becomes 
negative if 



THE CASE Ps = 0 


133 


IV, 1 


3 . 1 I ai-g p — ar^+ arg 
‘ + ' 2n ’ 

even if u is negative, or, since arg,r-> — 3 t/ 2 as — oc, if 


' arg g — arg g . 3 
271 4 ' 


If A is greater than this value, the real part of the iirst 
exponent ultimately becomes positive. 

Let us take for A the /smallest integer whieh eMveiht 
(arg? — arg rf)/2?r + i, and wiite 


(181) 




arg^ — argg , I 
+ 4 


«; 


then 0<a^l. AVith this value of /(n along 

every ray parallel to the positive axis of iinaginaries, and 
in case a < I also along every ray parallel to the negative 
axis of imaginaries. (If « — /Jii(ir) '~.s*u(*) along rays 
parallel to the negative axis of imaginaries and to the right 
of it.) 

A similar discussion of (y^') shows that it is represented 
asymptotically bj' sig(y) along rays parallel to the positive 
axis of imaginaries if 

argff— arg(> _ I 
271 4 ’ 


and along rays ])arallel to the negative axis of imaginaries if 


, ^ ai-gg — ar gg . 1 
' 27r 4 ■ 


Let us define I' as the largest integer which is less than 
(argtf— arg?)/2/r + J, and write 


, , argg— argp , 1 

- + ^ 


( 0 <«' < 1 ). 


Then gi 3 ix)<^siiix) along every ray parallel to the negative 
axis of imaginaries, and in case a' < i also along every ray 
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parallel to the positive axis of imaginaries. (If a' = \, 
along rays parallel to the positive axis of 
imaginaries and to the left of it.) The solutions (128) and 
(136) in which these values of I and A' are used we will 
define as the principal solutions of (179). 

By choosing suitable determinations of arg^i and argcwe 
may always have 


then 


and 


so = 1 if ai^^ ^ argo'— 7r/2 and A = 0 if arg{><argff— 7r/2, 
while A' = 0 in botli eases. We will limit ourselves to tliis 
choice. 

We will now prove that if the solution An (a?), 

hii{x) in which the above value of A is used is the only 
solution which is represented asymptotically by s,i («), sai {x) 
in the closed sector — 11:12 < «r%{x — a) <nl 2 , where « is 
any constant. 

Assume that a different solution hn{x), A 2 i(a.) has this 
property. We can write 

Ail (»•) = Pi (x) All (x) + JJ2 (.r) Ai2 (x) ; 


argp— 7r<argo'— 2 < argp + a-; 
j arge— (arg.tf— yj ^ 

“T '= ^ 2 ■ 

^^arg^^, 1 


dividing byAii(a:), and letting x^<x along any line parallel 
to the positive axis of reals, we see that 


1 ~pi {x) -\r Pi (x) x "-" tf® e® (> ® 



This shows that|)i (£c)~l, i. e., jii(x) — 1, since a-"® approa- 
ches zero so rapidly. Hence 
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Pain-) = 


h'n (x) — hn (j) 
Jiuiar) 


2)2 (x) is single-valued and analytic in a period strip suf- 
ficiently far to the right, except possibly at the ends of the 
strip, where we see from the asymptotic forms that 

lim 2 hix) ^ Q ^ X - — 0. 

X—XSO 

AVrite x~^ = (e - x] e ; the modulus of (<; - a:| 

is e 2 ). ^jjg second term in the exponent 

approaches the value — » at the upper end of the strip, since 

lim r |argir — j = lim '/ttand|d — ^ j 


= Inn u — — — n. 
n cot 0 


Hence at the upper end of the strip the modulus of 
I \ 

\e ^ x! behaves like = e “1®!"“, and m is 

approximately constant, since we are dealing with a strip of 
unit width. Accordingly 

7 ii.r ^,1 

lim i>8(®)e ^ tf'" e®' a ' ^ |®|“ --== 0 

. T — >00 

at the upper end of the strip. Set ptix) qiz), where 

z = .e27ii.r. then 

_ J_ l+log<?^ logg 

limg'C^').? ^ yOog^) — 0 

z—>0 

or . 

, Mgtr- argo h 


where 


\mq{z)z * ^ 5 :^* 9p(log^) = 0, 

2 :— >0 

h = l + loglffl — log;?' 
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and y(log5^) denotes a function which behaves like a power 
of log^.* By (181), 

b 

lim y(log«) = 0. 

Since 0<a ^ h we see that q{g)sr-^ cannot have a pole 
of as high as the first order at 0 = 0. 

/ I!L i?-- 

At the lower end of' the strip, write « ^ — \e‘^ xl \ 
the modulus of the first factor behaves like so 

7 iir. . , 1 

lim Pi{o()e ^ X - = 0, 

; r — >00 

or, in terns of z, 

1 , argtf- arg(> 

lim q{z)z* ' 91 (log 2) — 0, 

2- -^00 

lim q{z)z z^^ fjp(log2) “ 0. 

5'->00 

This shows that q{z)z~^ vanishes at »■ — cc . Hence qiz)z~^ 
is a constant, namely 0. It follows that — 0 and 
= hn {x), so the solution /«ii (a), /«2i (a;) is unique. 
The argument just made shows that if there exists any 
solution which is asymptotic to su{x), snix) in the sector 

— n /2 ^ arg(a: — a) ^ nl 2 , this solution is identical with 

hiix), hii{x), even if a>\ (if n — q{z)z ^ is to be 

replaced by q{z)z^~'^)\ hence in general no such solution 
exists if The only exception is when q{a) in (134) 

is identically zero, in which case /«u (a^ ~ sn (a) in the sector 

— 7r<arga<7r; this occurs in certain reducible equations 
(see the end of this section). 

A similar argument shows that if «' J the solution 
(7,2(35), (/g* (a) in which the value of X defined above is used 
is the ouly solution which is represented asymptotically by 
Sis (a), S22(a) in the sector nl 2 < arg(a — «) ^ 3^2. Since 
a < i when — n < argq — (argtf — u/2) < 0 and a' ^ \ when 

* We shall continue to use v(log«) in this sense, without implying: 
that the function is the same in each case. 
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0 < argg — (avgtf — nl2)<7f, it follows that either /<u (;/•). 
//*,(«) or //is (a-), //ssW is unique in every case. (As noted 
above, when a — \ or a — \ we must take a in the right 
or left half plane respectively.) 

To obtain integral and series solutions of oq. (177), we 
make the Laplace transfonnation (138), and find that it is 
satisfied by the integral 

M £ 

provided a and 6 are so chosen that 

[F l l(lf — (,>)/*+!<>' L 0. 

This expression vanishes at i — - 0, provided in such 

a way that R{(t/t)^ — 30 ; i. c., if a line is drawn through 
t 0 perpendicular to the line joining i - 0 to / ■ ^ k, f must 
approach 0 on the side of this line opiiosite to a.* The half 
plane bounded by this line within Avhich f must remain as 
it approaches 0 we will call for brevity “the half iilane 
opposite tf”. The expression vanishes at t -- if i»'(/S-l~l)^ 0. 
and at f — cc if 7»*(.7, + /* + 2)<0. 

Taking the limits 0, q, w'e obtain the solution 

( 182 ) hi{x) = {t — (>y (It, 

where the path of integi-ation starts from t ~ 0 in the half 
plane opposite o'; if (< lies in this half plane, the path may 
be taken as a straight line; otherwise Ave Avill let it make 
a partial negative circuit about f = 0 to the straight line 
joining 0 and q, and then follow this line to t — q. Along 
the straight line let arg t — arg q and arg {t — (>) -- arg(> + jt. 
The integi-al is valid if if (/d +])>(); if if(/S + l) <0, avo 
may use a loop AA'hieh starts and ends at f = 0 in the half 
plane opposite o' and passes around t -■=■ q in the posith^e 
direction; this gives a solution 

* Also the path of approach must not be tangent to the bounding line. 
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(183) h[{x) = — 

which we will take as defining h {x) in this case. (We exclude 
temporarily the case where /S is a negative integer.) The 
solution hi{x) is analytic for all finite values of x. 

Taking the limits oo , q, we obtain the solution 

(184) .(/i(*)= — 

e/00 

where the path of integration may be taken as the pro- 
longation of the straight line joining 0 to q. We will take 
arg t = arg (t — q) == arg q. The integral is valid if 
i20«4-l)>O, i^(x'+/«)<0 (cf. footnote, p. 96); if ii(/«+l)<0, 
we may use a loop from oo which passes around / = ? in 
the positive direction; this gives a solution 

(185) .9i(«) - (1 


which we will take as defining gi {x) in this case (again we 
exclude negative integral values of ^). 

Setting t = q/t in (184), we have 

fn £^ 

(186). ffiix) — — (1 — ry e'-‘ dr, 

jT 

or, if we introduce the factor e if into the integrand and 
write (tIq = x, 

gt{x) = — ^ r ^ (1 — r'y e“*d— r) (h ^ 


Expanding the factor and integrating term by term, 

we have 

9i (x) == — e* ^ r (1 — rY+fi (It 

r=0 r! tfo 

r=o ^ • 


( 187 ) 


= — e* B(—x—/3, /« -f 1) 

^ fl I (^+1)^ I i^±lH« + 2)** 
L l.(a:— 1) 1.2(a:— 1) (a— 2) 
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The series in brackets may be regarded as a degenerate 
hypergeometric series, with one argument lacking; it may be 
written lim — x, — x/«). It converges for all 

values of x, /i, q, and a except a- — 1, 2, 3, • • •; at these 
points the solution is analytic, however, as we see from the 
preceding beta function series. Accordingly eq. (187) serves 
to define giix) when E{x-{-/S) 0; it could be used as 

well as (185) to define it when Jf(;S+ 1) < 0. We see that 
fji {x) is analytic throughout the finite part of the plane except 
for simple poles at x — - — 1 — /d, 2 — /i, Another 
form of the scries for {x) is obtained if we evaluate (188) 

without introducing the factor e e, namely: 

gx (a:) = - ^ + 1) [i 4 

(a:-h8)(a-4/«-l)»** I 

1 .2(.r— l)(:r — 2) ^ ‘ ' 

We can express gi (x) also by means of a series of partial 
fractions. Let c be a point on the line joining p to oc , and 
integrate over the contoui’ consisting of the straight line 
from CO to f, a loop k about t — {>, traversed in the positive 
direction, and the straight line from t; back to x, starting 
AA'ith arg # arg(f — g) — ai^?; if if (a:4<®) '^0 Ave have 

= (1 — vif) f * '-(0 

whence if is not an integer 

g,ix) - 

where Ei{x) is an entire function. Expanding the last two 
factors of the integrand and integrating term by term, Ave have 
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,;,W = + + 

This converges uniformly in the neighborhood of every point 
except X = — 1 — /tf, 2 — •••, and hence represents 
gi{x) over the whole plane. 

If we take the limits 0, oo, we get the solution 

J r’iOO ft 

^ — (>ye*(lt. 

The path of integration we may take as any ray in the 
half plane opposite a. We will choose a ray for which 
arg (> — 2 Tc < arg t < arg q, and take arg q < arg (/ — q) 
<arg^4-23T. The integi-al is valid if (.* + /?)< 0. 



A fourth solution is obtained if we take for the path of 
integi’ation a curve K which starts at f == 0 in the half 
plane opposite a, makes a small positive circuit about t — 0, 
and returns to 0 in the same half plane (Pig. 13): 

hiix) ~ dt. 


(189) 
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We will let arg# inci’ease from near argc — /t to near 
arg ff + ;r. If we set t — — at at, 

a-' (I -j- xty e ^ dr, 

where K' is the contour in the r-plane into which K is 
transformed (Pig. 13; cf. Fig. 4). Let he small enough so 
that |»r|<l at all points of K'; then by eq. (72) 


Ju (;»') — ( — qY ft "' j^l + /fix I 




,«(/!- 1) 

91 


d r 


{—qY a ’^ 1 — f ’(— •*) — — 1 ) 

X® /’(---./ — '>)■—■ 


/*(/«-!) 


2! 


— (— /'(—*) [ 1 — ^ * 


(a'^+l) 

/4(^-l)x® 

1.2(a;+l)(.T 


X® 1 

+ r' • / ^ ^ ^ I 

1 o I 1 _j . 2) * * * r 


or, by eq. (60), 

J.{x) = 2,ri(- Qyl [l - , 

+ 


(190) 


(j;+ 1) 

,«(,«-l)x® _ 


1.2 (a; +!)(« + 2) 


This series converges for all values of x, g, and a except 
x — — 1, —2, — 3, •••, at which points the solution is, 
however, analytic; hence h^ix) is an entire function. 

To obtain the relations between these four solutions, let 

a 

us integrate {t—gYe* over the contour ^4 li CD EFO HIJ A 

of Pig. 14, made up of straight line segments and circular 
arcs. The value of the integral is zero, since the contour 
contains no singular points of the integrand. If jB(^)>0 
and jB(a: + /S)<0, we can let the radii of the arcs BC 
and OH approach 0, and that of the are AJI increase in- 
definitely; we can also let the points D and F move into 
the half plane opposite a and approach the origin, so that 
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the arc DEF becomes equivalent to the contour K of Fig. 13. 
Then we have (omitting the integrands) 


io! +X + + X 



On AB take argf = arg(< — q) = argp; then 

ffi (x) — /ii (x) + hi (x) + hi (x) — (a;) = Q . 

or 

(1 — (a;) == ( 1 — ^^^)hi{x) — ^^^-hi{x). 

In Fig. 14 arg? > arg 0 —nl% so A = 1. If argg< ^x%a—Ttl'i, 
whence A = 0, we have similarly, starting with arg t = arg(< — (>) 
= arge on AB (Fig. 15), 

— hi{x)A'hi{x)-\-'(?’^^'^'hi{x) — yi (a?) = 0, 

or 

(1 — e^*(r+/J)) (a;) = (1 — /ij (x) — hi (x) . 

These two results may be combined in the form 

j ^nix ^knix 

(191) gi(:x) = ^_^u^^^ hi{x) 
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Now let argp ^ argff — 7r/2 (A = 1) again, and integi-ate 
over the contour OABCDEFG of Fig. 16, takting 



Fig. 15. 

arg< = arg q and arg {t — q) ~ 01 ^^+"*^ on AB. If i^(/S)>() 
and R {x +/S) < 0 we can let the radius of the are BC approach 0 
and that of DEF increase indefinitely; we may also let G 
approach 0; then we have 

hi{x)—<ji,{x)—e^^^gi(:x) = 0 , 

or 

/*, ix) = gi («) + <ji (x ) . 
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If a,rgQ<&rg<f—7rj2 (A = 0), we have similarly from 
Fig. 17, starting with argi = arg? and arg(<— e) = arg^t+^r 
on AB, 

hi{x)—e^*P gi{x)—giix) = 0, 

or 

7*1 (x) = gt(x)-\- g^ix). 

These two results may be combined in the form 
(192) ht(x) = 



Fig. 17. 

Since both sides of eqs. (191) and (192) are analytic, apart 
from poles, for all values of x and fi, they are identities 
and we can drop the restrictions placed on x and in 
deriving them. 

By eliminating hi{x) from eqs. (191) and (192), we find 
for both A = 1 and A = 0: 

(193) h (x) =- -1) giix) + {I ~ fr’”'-'^) g^ (x ) . 

Similarly, eliminating . 9 i(x) from the same equations, we have 

1 — 1 
gi (x) — j g27li(a:i-^) J !../•+ /I) W 

if A’ = 1 , and 

1 ^nifi g27Ji/S 
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if A == 0. These may be combined in the form 

(194) gi(pr) = (^0 + j _ 

By means of eqs. (191) and (193) we can express /<! (a;) 
and ^2 (a?) in terms of {x) and gi ipc), and thus evaluate them 
in terms of factorial series. 

If in eq. (187) we leta;->QO in the left half plane (whence 
— x^<x> in the right half plane), we see that 

lim gi{x)Q-’^x^'^ == e? /'(/« + 1); 

. r — >00 

likewise, if in eq. (190) we let .r-»-ao in the right half plane, 



lim hi{x)x^ a-^ V~^ni{—q)K 

X-^OC 

These limits show that gi (x) ~ 6i {x) in the left half plane 
and hi (x) ~ Si (x) in the right half plane, at least to the 
first term, if we set 

£ 

(195) Si = e? (-#/’(/«+ 1), .9* = (—(?)/». 

It follows that gi (x) = gn (x) and hi (x) == hn (x), on account 
of the uniqueness of these solutions. 

Since we know the asymptotic forms of gii(x) and ^i 2 (ir) 
in the sectors 0<arg£c<27r and — n<&rgx<.n respect- 
ively, we can now use eq. (191) to get the asymptotic form 
of hiipc). We have 

\ g27riv77-f /5f) fMnix 

hi (a:) = ^ (*) + (»-■), 

whence in the upper half plane 

hi (x) ~ Si (x) + Si (x ) . 

The dominaut term depends on the factors g*, 
or on the exponents 

0, (2^7^^■ — logo; — logp-f logff-l-l)®; 


10 
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the real part of the second exponent is 


(196) m( — log |«| + &) — 2 71 V 



argg + argg — 

27t 



This is negative in the sector 0<arga7<7r/2, on account 
of the term — Mlogixl, so the first term dominates and 
hi (a;) /iS\ (x) there. 

In the lower half plane 

hi (x) ~ — e2w -1 ^ 


or, if we use the deteimination of (x) for — tt < arga; < 0, 

hi (x) ~ St (x) — 

Here the exponents are 

0, [2(^ — 1) tt/ — log.* — log? + log ii-{-l]x, 


and the real part of the second one is 
(197) «(-logkl + b) _ 


This is negative in the sector — tt/ 2< arga; < 0, so Ih (a;)~A-Si(a:;). 

Hence hiix)'^8t{x) in the right half plane, except possibly 
along rays near the positive axis of reals, where the asymptotic 
form of gtix) does not hold. To prove that Ai (a;)~<9i(») 
also along these rays, set t = qt in (182): 


y pi *1=1 

hi{x) = ( — l)i*ee — ry e dr 
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If we let X-* XI along a ray parallel to the positive axis of 
reals, the integral from 0 to ^ approaches 0 exponentially, 
on account of the factor For the other integral we have 



the series converges uniformly on the path of integration; 
let its maximum absolute value on this path be if; then 



where m and h are the real parts of x and /S. As a -> x this 
is asymptotic to Since the ratio of 

to approaches 1 as x , 


lim r r* 1(1 — ry {e ^ — l) dr = 0. 

•r-^oo 


Since /d + l)~/’(/® + 1) * we have from (198) 

!L 

lim p * /it (a) = ( — 1)^ et* /’(yd+l) — Si. 

nr—>oo 

The asymptotic form of 1h (x) therefore holds, at least to the 
first term, near the positive axis of reals. 

To identify Jii(x) with hnix), we need to examine its 
asymptotic form along rays parallel to the axis of imaginaries. 
Ijet a;->QO along any ray parallel to the positive axis of 
imaginaries; then arg x->txI2 and the expression (196) 
approaches 

u( — log I a; I + 6) — 271 av, 

10* 
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which is ultimately negative, even if « < 0, since a and v are 
positive and v increases more rapidly than log lajj. Now 
let x-* co along any ray parallel to the negative axis of 
imaginaries; as arga;-> — nl2, the expression (197) approaches 

u (—log ! X ! +?») — 2n:v |a — yI ; 

since v < 0, this is ultimately negative if « < if a = 
it is negative if u > 0 and positive if ii < 0. Hence h (x) ~ Si {x) 
along all rays parallel to the positive axis of imaginaries, 
and also along all rays parallel to the negative axis of 
imaginaries if a<\\ it thus has the properties which charac- 
terize hxiix). 

By a similar procedure we can identify gtix) with 
From eq. (193) we have 

j 1 g27r»/i 

//s {x) = ’ 

whence in the upper half plane 

g^ (ic) ~ St {x) + (l - Si (x). 

The dominant term depends on the exponents 
0, (logx-f log (« — logo-— l)a:, 
the real part of the second of which is 
(199) u (log la-! — h) — ?; (arg x -f arg g — arg a) . 

In the lower half plane, if we take 7r<arga<27r, 
gt{x) ~ St (a?) — (1 — c .V, {x ) , 

and the dominant term depends on the exponents 
0, (log a; + log ^ — logff — 1 — 2ni)x, 
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the real part of the second of which is 
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(200) u (log 1 x I — ft) — 


/ arga--+ argg — 
\ 27T 



From these we see that . 9 j(a!:)~/S 8 (a;) in both the second and 
the third quadrant, except possibly near the negative axis 
of reals, where the asymptotic form of ht(x) does not hold. 

To prove that ix) ~ (a?) along rays near the negative 

axis of reals, set / — <fr = er^^isr in (188): 


= (-p)^(-tf)*[X 


r*cc 

_i 1 


-1} e ^ dt\ 


^ Vrix-YD do T 

+ 1 {(1 + xv'f — 1} e d^. 


The function [(1 + xr)/*— l]/tr is analytic between 0 and 2- 
let M be its maximum absolute value; then 


r 

i Jo 

CM f 

Jo 


'‘%(1 + *^)^- 




■I , 

-- e ‘ dt 


4\ 


•CO _ 1 

*■“ t! dt 


Ml'i-u—l) 


f' e ' \dt 

(u + i)r(M + i)’ 


Since the ratio of |r(a:+l)| to r\u + l) remains finite as 
a ; ->•00 along any ray parallel to the negative axis of reals. 
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X-^OD Jo r 

The integral from 2 to x approaches 0 exponentially, on 
account of the factor Hence 

lim tr-^r(a! + l). 9 g(.T) = 2ni{^ — q)? — V2nsi, 

X-X30 

_ i _ , 

and since r^x-j- \^27 t, we see that/ 78 (a;)~iS'g(a;), 
at least to the first term. 

To determine the asymptotic form of (x) in the direction 
of the axis of imaginaries, let x-^cc along any ray parallel to 
the positive axis of imaginaries; the expression (199) approaches 

u (log \x\ — h) — 2nv{\ — a')\ 

this is ultimately negative if «'< while if a' — ^ it is 
negative if u < 0 and positive if u > 0. Now let x^cc along 
any ray parallel to the negative axis of imaginaries; the 
expression (200) approaches 

u (log 1 ar I — b)-^2jTa' V, 

which is ultimately negative. Hence in any case g^ {x)^S^{x) 
in the sector 7tI2<C arg(.T — «) ^ 37r/2, and if ^ in the 
sector nl2 ^ arg(a; — «) < Htt 2; these properties show that 
gi{x) is equal to g^ix). 

Since hiix), hi{x), giix), and g^ix) are the principal 
solutions of eq. (177), the relations (191)-(194) give us the 
fundamental periodic functions, whose matrix is therefore 

^inir ^ 

Ca = 1. 

If is a negative integer, we will define h!i{x) and gi{x) 
[eqs. (183), (185)] as the principal solutions in place of /n (x) 


Fix) 


where 

( 201 ) 


Cl 
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and. 9 i(a;), and accordingly replace /’(/J + l) by /'(/?+ 1) in »i 
[eq. (195)]. If we multiply eqs. (191) and (192) by 1 — 
and let approach a negative integer, both reduce to 
h[{x) = //((a). 

Since hi{x) ^ h^ix), it is represented asymptotically by 
*Sa («) in the sector — ;t < arg x < n. Along a ray parallel 
to the negative axis of reals 

hi (.r) ~ [1 + ^ (•^■)] 

as in the general case, n{a) being a periodic function siudi 
that |7r(a;)| A similar statement holds with 

regard to giix). 

The expressions (19(5) and (197) are ultimately positive 
along any ray in the second and third quadrants respectively, 
so /<, (a;)~e^^^‘*'' iS'a (.r) in the second quadrant and li\{x) 
~ in the third quadrant. Similarly (199) 

and (200) are ultimately ])ositive along any ray in tlu' 1ii“st 
and fourth quadrants respectively, so //^(a;)'^ — ci»S’i(a;) in 
the first quadrant and (/ 2 (;r)<~Ci r (a) in the fourth 

quadrant. 

These solutions do not have “critical rays’’ like those of 
the corresponding solutions in the general case; the bound- 
aries between regions in which the asymptotic form is different 
are not straight lines, but transcendental curves, whose 
equations are obtained by setting the expressions (19(5), 
(197), (199), and (200) equal to zero. 

Analytic expressions for the intermediate solutions y'w {:>■) 
and y'n{x) can be obtained exactly as in the general case, 
namely 

Y ^27l/(;i? i ji) 

yu{x) = h(x) — j-^^/iiix) = !hi^) 

= cc (— ()y B {x, /* + 1) 1^1 4- 

_i_ (^ + l)(^~t~ 2)** I 1 

' lT2(a;- l)(a; — 2) 
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C\ / \ 1 




9\ (^) 


j ^ix 

2 n i{— qY r 1 ^ 

/Y3j+i)L i-(.*4 


hi (x) 


+ 


{x+i) 

1 • 2 (aj 1) (x “j“ 2) 



Both of these are analytic everywhere in the plane except 
for simple poles at all points congruent to a; — 0; yii(,x) 
has zeros at x — — /3 — 1 and points congruent on the left. 

Another set of formulas expressing the principal solutions 
as definite integi’als may be obtained as follows. If in 
eq. (177) we set y{x) ~ z(x)/r{x -\- then s{x) satis- 
fies the equation 

(202) g{x-\-^^) — [$(x'-l-l)-(- o'] 1) -j- po'fo-l-^-|-l),s'(a!) = 0; 

applying the Laplace transformation (138), we find that a 

solution of this is the integral 

« 

^(x) = £ /»(«—«)-/< Iff? (It, 

provided a and h are so chosen that 

[p+/*+i (f — o)-/* = 0. 

This expression vanishes at f = 0 if jK(x'-}-;d-f 1)>0; at 
t — ff if and at t — ca, provided f->oo in such 

a way that i2(</g)-»-f oo; i. e., if a line is drawn through 
t ~ 0 perpendicular to the line joining 0 to p, f must 
approach oo in that half plane bounded by this line in which 
t = Q lies (which we may call “the half plane opposite — $”). 
Taking the limits 0 and oo, we have the solution 

V (;:,;) := J (< — ff )-/*-! e” P f ; 

if ff lies in the half plane opposite — q, we will take for the 
path of integration any ray in this half plane on which argf 
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has a value between argtf and Av^q-\-nl2, and let arg(< — tf) 
have values between argc and argu+7r; otherwise we may 
use any ray in the half plane opposite — p, in particular the 
ray through — o', on which we will take arg<. = arg(/ — o) 
— ai’g O' — n . The integral is then Valid if jS (j* 4- 4 + 1 ) ’ 0 . 

Taking the limits 0 and o, w^e have the solution 


=]> 


— ff) f'* ’ e ^ (It-, 


the path of integration we take as the straight line from 0 to o, 
on which we will let argf = argo and arg(f — a) = argo'4- n. 
The integral is valid if i2(^)<0 and 
Setting t = (St, we have 

pi ■ _ lir 

k" {-j) = 1-1) ff® I r^■^ (1 — e ? dr. 

a 

or, if we introduce the factor e? into the integrand and 
Avrite aJ(i == X, 

h" (x) -- ( e""? o' f ( 1 — t)-^-^ dr 

pjo 

_ pi 

=3 e Q O'" 1 ^^ / (] _ 

x[i 4-x(l — v)4 • ■ •]dt 

j7 

= e- nuji+o e "? ar- [j^ (.* 4* + 1 , — 


_ g-7iHii+Dg ^ 


X 


n^ 4 -i) 
r , /«(-«- l)x* 


2(*4-l)(a;4-2) 


V- + 


■] 


(203) 


e 7ii(d+i) e 9 r{ — fi) . \ a \ t\i ( \ 

/{x + ,* + l)fe(x) 

Cl Si 
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Now take for the path of integration a curve L which 
starts at < = Qo in the half plane opposite — q, makes a large 
negative circuit about t — Q, and returns to cc in the same 
half plane; this gives the solution 




(It, 


valid for all values of x and 4. Let the arguments of t 
and t — a decrease from near argo'+27r to near argff if a 
lies ill the half plane opposite — q, and from near argtf-fyr 
to near argff — tc if it does not. Set t = qh-, then 

/(a?) = q'^ i j (1 — ^ di , 

fjh 


where K is a, curve which starts from t 0 in the right 
half plane, makes a small negative circuit about t = 0, and 
returns in the right half plane (cf. Fig. 4, p. 53). Let K be 
so small that at all points on it; then 


g{x) =- q 




( 204 ) 




1 + (/?-}- l)xf 


I (^ + l)(/^+2) , „ 

+ T.2 " 


• . .j c ^ dt 


q” i'{x) + (/* + ^'(p' — 1 ) 


(/« + !)(/«+ 2)** ] 


+ 


1 • 2 (a; — 1) {x 

I — (finUjCTp 


;«+ l),'7l(;*') 


ev{-qy n^+i) 
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A fourth solution of eq. (202) is 

(‘tj , L 

(f (x) = I — ff)' ' e (f (It, 

«/(S0 

where the path of integration may be taken as the prolongation 
of the straight line joining 0 and tf if o lies in the half plane 
opposite — ()■, otherwise let us rotate this ray about t — a 
in the negative direction until it extends into the half plane 
opposite — Q. In the former case we will take arg t arg(< — a) 
— arg a, and in the latter case take the values of the 
arguments which are between arg o and arg (S—n. The 
integral is valid if i2(/3)<0. 

To obtain formulas for h'(a.) and g" (x) corresponding to 
(203) and (204), we need to derive the relations between the 



solutions of eq. (202). iSuppose first that arg q ^ arg ff— n/’i, 
or A — 1 ; then a lies in the half plane opposite — (<. Let us 

t 

integrate e e over the contour oo A /It'D 

of Fig. 18, which is equivalent to L. If 7i(/J+l)< 0 and 
K(;r+/®)>0 we can let the radii of the arcs AB, CDK, 
and FO approach 0. Let arg t — arg(< — <s) arg <r+2/r 

on CO A; then we have 

f/ (^.) ^ g" (x) — h" (.r) + h" (a) - if (,t) , 

or 

1 1 

(205) g" (a?) = — fj' (a?) • 

Integrate now over the contour EFQHIDE, taking arg t = argff 
and arg(f — <r) = argo' + jT on EF-, letting the radii of the 
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arcs DE and FO approach zero and that of HI increase 
indefinitely, we have in the limit 

(206) 1i"{x)-g"{x)-h'{x) = Q. 

Putting in eq. (205) the expressions for h"{x) and g'{x) 
given by (203) and (204), we have 

g (g) == h, (X) .91 

= '* ti\ fe w- - 1) wi ' 

ClSl(l ^ ) 

whence, by eq. (193), 

(207) 

Cl Si 

Similarly, by using (203) and (207) in eq. (206), we have 
k'(x) = 

Cl Si Cl Si 


I’ix + ^ + 1) 


[h (x) — (1 — g^ (x )] , 


whence, by eq. (194) for A = 1, 


r(a:-|-,«4-l) 


/j,(.x). 


Consider now the case argp<argo’ — 7r/2, or A — 0; 
a now lies in the half plane opposite We can use 

Fig. 18 again if we interchange the points 0 and a. Inte- 
grating over the contour cc ABODE FO<x> , starting with 
argf = arg {t — ff) == arg <r-f tt, we have 

g'(x) = —e^^h'{x)-\-h'’ix)—^^n"{x) + h'{x), 

whence 

= I _^f.r (^) + 9 C^)l • 
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Integrating over the contour EFGHIDE, starting with 
arg < — arg <r and arg(i — <r) — argff — n on EF, we have 

- /»" (x) + h' (x) 4- g" {x) - 0 . 


These two equations lead by the method above to eqs. (207) 
and (208), which are therefore true for both values of A. 

From eqs. (203), (204), (207), and (208) we obtain the 
desii'ed integral expressions for the principal solutions of 
eq. (177), namely 


hix) - 
hiix) = 


/’(a;' + /«4-l) 


i"*00 ^ 

I — ’ e a ,u 


[/.’(■'■ 4- /* + i)r' 0], 


Ci-si 

/’(•r4“/®^l) 


— t’ d t 

[!«:(/?) < 0, /f(.'r4-/«+l)>0]^ 


//,(«) “ 

gt{x) =- 




/’ (a; 4“ 4" 1) 

6-1 Si 

r(,T4-/? + i) 


a 

r it- o-)-^-ie 

e/00 


Q dt, 

t 

' ? dt, 

^.•(iSXO]. 


The restrictions on x and /J can of course be avoided by 
replacing the straight line paths by suitable contours. 

It follows by the same argument as in the general case 
that a necessary and sufficient condition for eq. (177) to be 
reducible is that either Ci or be zero. But c* -- 1 , so 
this is , never zero; eq. (177) is reducible, then, if and only 
if Cl 0, i. e., if and only if is an integer. 

If ^ is zero or a positive integer, hix) and gtisri) have 
the respective forms 


^,r 

/’(a;4-/«4-l) 


Fix), 


Pix), 

/'(a-4-/«+i) 


where F{x) is a polynomial of degree If ^ is a negative 
integer, h[{x) and gi{x) are both equal to ^ F(x), where 
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P{x) is a polynomial of degree — — 1; the series 8i{x) 
contains only — ^ terms in this case, and h[ (a;) = g[{x) = 8i{x), 
Eq. (177) is never completely reducible. 

As an example, consider the equation 

{x-\r2)y{x-\-^)—xy{x^\) — y{x) = 0, 


for which (> — 1, ts ~ — 1, /S — 0. The formal series have 
the form 

8i{x) — Y2Tcix~'"{ — \Y X ^ |l 

and the principal solutions are 


fhix) 


27ti { — 1)* 

"rx^+iT’ 


<ji i-t) 


2 J Ti { — 1 )'' 

/■(^'i7 ’ 


hM ^ ]„’ 

//i(a?) === I 

e/00 


p-i 




f>-T ^ 

e~^ dr = — P( — ;r), 


where P{x) and (?(*) are Prym’s functions (§ 4, Chap. 11). 


§ 2. Infinite roots. 

If one of the roots of the characteristic equation (101) is 
infinite while the other is finite and different from zero 
(i. e., a* — 0, ffli 0, Oo + 0), or if both roots are infinite 
(i. e., ag — (*1 — 0, 00 + 0), the hypergeometric diffeisence 
equation (99) can readily be transformed into another equation 
of the same form for which the infinite roots are replaced 
by zero roots. 

Let og = 0 in eq. (99), and set x = — x , y{—x) ~f(x)\ 
then 

Kfix'—^) + {—ayx'-\-hi)f{x — \)-\-{—aox'-]-ho)fi:x) ==■ 0; 

changing x' to x' + 2, we see that fix') is a solution of 
the equation 
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(— HoX 2 flo "f" -|- 2) -J- (; — fflj x' — ^ 2 ffj -)- 6j) y{x' 1) 

= 0 . 


This is a hypergeoraetric difference equation, like eq. (99), 
but its characteristic equation is 

— — 0, 

which has one zero root if { 0, and two zero roots if 
Ui = 0. • The case of one zero root has already been dis- 
cussed (§ 1), and that of two zero roots will be taken up 
in §4; since — x) is a solution of the original 

equation, the two cases named above require no independent 
treatment. 

The equation (96) satisfied by Prym’s functions Ff,(x) and 
Q(}(x) is an example of a hypergeometric equation with one 
root of the characteristic equation infinite. If we make the 
above transformation it becomes 

?(a-'+2)/(,r'-l-2) — (x'—e-f !)/(«' -|-l)-/(;/'') 0, 

which for $ — 1 gives us the numerical example considered 
at the end of § 1. 

Equation (202) also belongs to this type. The method by 
which this was obtained from eq. (177) suggests an alter- 
native procedure for replacing infinite roots of the character- 
istic equation by zero roots; if we set 

y{x) = r{x-\-^*^^z{x) 

in eq. (99) (with «, = 0), it becomes 

^ («i *+ ^(a- + 1) + Oo^ix) ~ 0, 

whose characteristic equation has one zero root if ui 4 0 and 
two if «! = 0. 

It remains to consider the case where one root of. the 
characteristic equation is zero and the other one infinite 
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(i. e., Oi = Oo “ 0, Oi ^ 0).* To obtain a suitable normal 
form of eq. (99) for this case, set 


h 


1 h 

O'! ’ «l 


O')) + 1 j 


we obtain thus the equation 





Now set ic + o* — .x' and y{x' — dropping the 
primes, we see that f(x) is a solution of the equation 


(209) 2/(a: + 2) — ffi(x + l)4/(x + l) + <ri(rai/(x) — 0, 

which we will take as our normal form. 

Eq. (209) is satisfied formally by the two power series 

N, (x) ^ tff e- '• X ^ + ~ H ) • 

Si (x) = <rf ,r 2 (.92 + "f- • • •) > 

where Si and Si are arbitrary constants, and 



If we set y{x) — </i(«), (^(.r + l) = yi{x), we obtain the 
system 

|yi(x4-l) = yi{x), 

|^2(x + l) —<ii<Siyi{x)-{-(Si{x-\-\)yi{x) 

equivalent to eq. (209); it may be written as a matrix equation 


Yix + \) = B{x)Y(fx), 

* If as = ai = ao = 0, eq.(99) reduces to one with constant coefficients 
(§ 4, Chap.l). The same is true if = 6i = 6o = 0, but the a’s are 
different from 0. 
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tv, 2 


where 

0 1 
-OiOg + 

This matrix equation is satisfied formally by 


B{x) 


| 0 + « + 


( 210 ) «(*) 


I } / 

( 

I ' 

x-^ t'*' X ^ H ) 

af fff e-'' |ssi + H ) 


where sii = si, s-a. ~ tfjSi, ^21 = tfisi, *12 »i, *12 

— <fiS2, etc. The determinant of S{x) has the forn> 

:)S’(x-)l = '^r<(d+ 5 + ••■)• 

where il = — ffiSis*. The invei-se of A'(*) is 


( 211 ) 8-^{x) = 


1 , ! 

d"-* X • + -^ H j 

x~^ e'- X |tfis + '!''■■)! 

x” of' er^x^ jf/i, + -^ H ) 



where ffu — — *hloiSi, 02J = l/»2, <^12 — l/ffi»ij 

oiffi = — l/ffiS2j etc. 

We can form the matrix products Hn{x) and C/n(«) and 
prove the first existence theorem exactly as in the general 
case and the case p* == 0 ; the statement of the theorem in 
§ 1 remains true for the present case, except that all the 


11 
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limit functions are now entire functions, since neither J£(x) 
nor JS~^ (ic) has any finite poles. The limit of the determinants is 

I>(x) = D(a;) ~ da^ <T:f = — 

from which we see that ^ = d" = ••■ = 0 in. the series 
|/S^(,a::)| above. In the details of the proof the pi and pg of 
the general case are replaced by or, xle and ffg e!x, but other- 
wise the changes required are slight. Similarly we can prove 
the existence of intermediate solutions with the usual properties. 

The principal solutions are defined as in § 1. The asymptotic 
form of hn (a:) in the right half plane is given by (129) and 
(134), and since .s,, (x) contains a factor and .<r,s(a;) a factor 
the second term is the dominant one, except possibly 
along a ray parallel to the axis of imaginaries; hence 
/<! 1 {x) ~ .s, , (x) and (ic) ~ Sgi (»;) in the sector — tt / 2 < arg x 
<7 tI2, regardless of the value of the integer L Similarly 
.<7ia(a5)~si2C^‘) and ,ri 2 g(a:)~S 82 (.*) in the sector 7r/2 < arg. x 
<Znl2, regardless of the value of All these solutions 
are entire functions. 

The solutions hn {x), hn (x) and ffn (x), (j^ (a?) are unique, by 
the same argument as in the general case, but not the solutions 
/iu(aj), hiiQje) and f/isix), gaix), since A and A' are arbitrary. 
We proceed to determine as in § 1 what values of these 
integers give us solutions with properties as nearly as possible 
the same as those, of the principal solutions in the general case. 

By (129), the asymptotic form of hyi{x) in the upper half 
plane depends on the factors 


x 


e ir'- 


x' O'' e~ 


or on the exponents 

( — 2 log x — log ffi + log ffg + 2 -t- 2 Ajt«) X, 0; 

the real part of the flrat is 

(— 21og 1 X I — log I tfi 1 -f log I og I -f 2 )m 


„ /, 2 arg X + arg o, — arg og 
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Keep M fixed, and let «-»• -f *» ; this ultimately becomes negative 
(whence /in (a")~s,i(a:)) if 

j ^ 2 arg X 4- argtfi — arg tr* 

■ 27r ’ 

oven if u is negative; or, since if 

j ^ argff, — arg tfi , I 

A,., 2- 

If X is less than this value the real part of the first argument 
iilimately becomes positive. 

In the lower half plane X is replaced by A — 1 ; hence if 
we keep u fixed and let v-* — co the real part of the first 
exponent ultimately becomes negative if 

I,' I ^ ^ar gx + argcTi — arg ffi 

2 Tt 

even if u is negative, or, since argx-» — ni2, if 

, ^ argff,— argtfg , 1 

2;r ^ 2 • 

If X is greater than this value the real part of the first 
exponent ultimately becomes positive. Since these inequalities 
are mutually exclusive, we cannot find any value of X for 
which (£c)~Sii («) along all rays parallel to the axis of 
imaginaries. 

Similarly, ffia(x)'^si 2 (x) along rays parallel to the positive 
axis of imaginaries if and only if 

argATg — argtfi 1 

/ > ^ 2 , 

and along rays parallel to the negative axis of imaginaries 
if and only if 

;/ / argffg — a rgg, 1^ 

' 2;r 2 ■ 

n* 
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Let US define A as the smallest integer which exceeds 
(argo'i— arg<r2)/27r4-i, and write 


( 212 ) 


A — 


/argff,— argjTi . 1 
I - 27r +2 


a\ 


then 0<a^ 1. With this value of A, /tii(x)~sii (a?) along 
all rays parallel to the positive axis of imaginaries, but not 
along those paraUel to the negative axis of imaginaries. 
Following the analogy of the general case rather than the 
case of one zero root, let us define A' as the smallest integer 
which exceeds or equals (argff* — argff|)/27r — and write 


,, /argtfs — argf/j^ _ 1 \ 

^ ~\ Jrt 2 / “ 

then 0 < a' < 1. With this value of A', .(/i* (a;) along 

all rays parallel to the positive axis of imaginaries, but not 
along those parallel to the negative axis of imaginaries. 

By choosing suitable determinations of argffi and arg «/2 
we may always have 

arg ff, < arg rfj ^ arg tf, + 2 ; 

then 

_ 1 ^ ^goi — arg 'l^^ I 1 .-1 

Y — ’2>t 2 "'^’2 ' 


so A 1 and A' — 0 if arg arg o’* — rr, and A 0 and 
A' = 1 if arg < arg ffa — zr; in both cases A' 1— A. 

The solutions i (.t), hn {x) and {x), (a?) in which tlie 

above values of A and A' are used we will call the principal 
solutions, although they do not have even the limited degree 
of uniqueness possessed by the conesponding solutions in § 1. 

Since these two solutions cannot be identified by means 
of their asymptotic properties alone, we will make a direct 
determination by functiontheoretie methods of the form of 
the fundamental periodic functions, so that they may be 
identified by means of their expressions in terms of the other 
two principal solutions. 
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In the matrix notation, H(a:) ~ 0 {x)F(j>;), or P(») 
where H(pc) and Q{x) are the matrices of 
the principal solutions /»<;(») and gij{x), and P{x) is the matrix 
of the fundamental periodic functions. In any period strip 
in the left half plane the elements of If (a;) and 0 (x) are 
analytic, and the determinant of CHx) does not vanish, since 
it is equal to D{x) - — st sj <r*'; hence the elements of 
are analytic. The elements of P{x), considered as 
functions (A z = are therefore single-valued and analytic 
everywhere in the ,2-plane except possibly at z - 0 and 2 — oc . 

In the upper part of the strip P{x)<^S~^ {x) 8 {x), or, by 
(210) and (211), 



If we write pij{x) qij{z), this means for j>]i(.k) and ihi{x) 

lim <211(2) =- lim q^iz) 1. 

,?-»0 .:->0 

For pi2{x) we have 

lim piiix) (r[ t; x ----- 0. 

.r— >X 

Write x^‘' — (e -,x)“*(3"^; the modulus of the first factor 
behaves like e2“|a;!-*‘ at the upper end of the strip, so 

lim pti{x) rtf X' x'^’‘ — - 0, 

.r~>x 

or, in terms of z, 

1 arg (f. -ai-g rt, ^ 

lim ^212(2) 2'- ^ 9)(Iog2) — 0, 

where h — log | tfg | — log | tfi ; 4- 2, and y (log z) behaves like 
a power of log z. By ( 212 ) this may be written 

lim 912(2')^“’^^ * 5p(log2’) ~ 0; 

z ->0 
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since 0<a ^ 1, it follows that 

lim == constant, 

z ->0 

for the remaining factors are not sufficient to neutralize a 
pole of order as high as the first. By exactly the same 
argument we have for Pnix) 

lim qai («■) s SP(log s’) — 0, 

whence, if a<l, 

lim 321 = constant. 

«->0 

Prom these limits we see that we can write 


( 213 ) 


quiz) = \+lC2Z-\ , 

quiz) === s’-^(ci + cis-i ), 

, qni^) = s^(c2 + C2sH ), 


where the /c’s and c’s are constants. 
In the lower part of the strip • 




^d-i)niv ^ 

Sis (a;) 

g2 a-l)nia! q' 

Sti{x) 


here {x) and (a:) denote the determinations of the series 
for arga; near —nl2\ if we take ^xgx near 37r/2 they are 
replaced by — Si 2 (x) and — e^^snix); using the latter 
determinations, and using X' instead of A(r = 1 — A), we see 
that H{x) is represented asymptotically by 




g-2t'Jria; gt ^ . 

••) 

^2 4" • • • 

g-2l'>fte g! (Q _|1 . 

•■) 

0 + --- 


The inverse of (^(a:) is 


G~^{x) = 


1 

ga Qb) 

— gia(x) 

\G(.x)\ 

—gn(x) 

gnix:) ' 
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where | ^(a!:)] = — a^. In the lower part of the strip 
is represented asymptotically by 


— Si Sg Oj 


I ^(A'-orir g'(^r)8M — g'(.A)sn (.-r) 

I — Ssi(ir) Si,(3j) 


.Ko*" ''X' 


g' (3.) |_i ,;!a'-l);rAr -f . . .) |; 


«* 


■ + ■ 


0 + . 


Combining these results, we see that P(x) is represented 
asymptotically in the lower part of the strip by 




g-‘Mt.V g' (y,.) g' ( J ^ 

g 2 <A'-l)»r/.r ^'(a;)( — 1 ) 


I 


From this we obtain directly the limits 


liro<j'u(2’) - - constant, lim g*s( 2 ;)r'‘ — — 1, 

2r— >00 2->00 

lim gia {z) z~*-' — lim (z) — constant, 

2:->00 

lim ggi (z) -- lira ggt (z) z~^ — - constant. 

Z—>00 z—>oo 


Combining these results with (213), we see that quiz) = 1, 
q„(z) = 1—z, qit(z) ciz^-^, qsi(z) = c*/, whence 


(214) 


F(x) ^ 


1 

1 

1 

Cg 



The inverse of this matrix is 


1 

l — gacir 

1 

1 

1— (l+CiC*)^'rt^ 

(.^g2A*to 

1 


P-Hx) = 
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but thte elements of P~^{x) can have no poles, since 
= JS(x)P~^{x) and the elements of G{x) are entire functions; 
hence 1 + r, c* = 0 and 


(215) P-i(«) 


_^^e2Am-.r 1 


The values of the constants ci and Ci will be determined 
later (p. 170). 

Since the elements of H{x) and Oix) are analytic functions 
of (fi and oa as well as of x, the identity H{x) — 0{x)P{x) 
continues to hold in the limiting case where a = 1 (i. e., 
arg tfi == arg c* — n). 

Applying the Laplace transformation (138), we find that 
eq. (209) is satisfied by the integral 

/■'() L 

e* dt, 

provided a and h are so chosen that 

r -± 

[p {-1 g «, g « = 0 . 


This expression vanishes at t == 0, provided t^O in the 
half plane opposite c*, and at t ~ <xi , provided in 

the half plane opposite — (fu 

Let us take for the path of integration a curve K which 
starts at f = 0 in the half plane opposite Cg, makes a positive 
circuit about t — <0, and returns to 0 in the same half plane 
(cf. Fig. 19, p. 171); we obtain thus the solution 

J a t 

^p-ig <<1 dt\ 


we will let arg t have values between arg tf* — n and 
argoi4-?i^. If we set t — — — ^a^r, 


hi(x) = 




f r v‘ 

2 Ja" 


, 17—1 , 


^ dr, 
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where x ~ and the curve K' is similar to K, but 

starts and ends at t — 0 in the right half plane; argr has 
values between — 2 it and 0. Expanding we have 


h^{x) 


(216) 


^ ) dt 

^ e’Ti'- /-(_ 1 _ I* f (_ 2 — 

2 n i (;■'■ r „ 

/^Tiy U ~ ^ +T 1 • 2 


* 4 - 


X X 

1.2(;r 


(./■+1)(.t+2) 


I 



This factorial series converges for all values of x, f/|, and 
(fi except a? = — 1 , — 2, — 3. • • • , at which points the 
solution is, however, analytic. 

Let us now take for the path of integration a curve L 
which starts at t — oc in the half plane opposite — cti , makes 
a positive circuit about < = co (i. e., a negative circuit about 
t — 0), and returns to t — ao in the same half plane, enclosing 
some ray arg t — 9, where arg >h n < 9 < arg 7t\ 
we may in particular take 9 argrri (cf. F’ig. 19); let arg t 
have values between (1 -f 2 tt and 9. We obtain thus the solution 


Tf we set f 


!h '.•*) 

ff, , 

!h (x) 




V ^ e e ^ (I t. 


f* ^ 

(5 ’^ j V*' ^ e d( 


where L' is similar to L, but encloses some line in the 
right half plane (the axis of reals if ^ ^ arg <t^). Expanding 

X 

and integrating, we have by eq. (70) 
ffi (^) = + xr(ar-l) + ~ nx~2) H • ■ . 

ff f r{x) 1^1 + -_Y + 172 (® * 


(217) 
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This series converges for all values of x, oi, and ff* except 
a; = 1, 2, 3, • • •, and even at these points the solution is 
analytic. 

If in eq. (216) we let x-*<X) in the right half plane, we 
see that 

_i _i 
X ^ (2 ?r) 

if in eq. (217) we let x-*cc in the left half plane; 

_ 1 

gi (x) ~ (S f x'^ e' X 2 TT (1 + • • •) ; 

hence Aj (a:)~S* (a;) in the right half plane and //i (.r)~<S'i(a) 
in the left half plane if we set 

Si = 1^271, Si = 271 i . 

It follows that fh(x) — hiiix) and gi{x) — gn{x), on account 
of the uniqueness of these solutions. 

We are now in a position to determine the values of the 
constants ci and Ca in the fundamental periodic functions (214) 
and (215). Expressing h^ix) in terns of //ii(.r) and gnix), 
we have 

hiiix) — Cl (») + (! — e^’'“),9ia(a:0; 

setting a? = 0 in this equation, we see that Aia(O) = ci gniO), 
whence 

^h8(0) „ Ag(0) _ 27ri(l — «+ • • •) _ , 

~ <7ii(0) .<7i(0) —27ii{\—x^ ) 

It follows from the relation 1 -f cj c* — 0 that cg = 1. 
Using these values in (214) and (215), we have the relations 

I All («) = gxi (a") + git (a;) , 

^ lAi8(a;) - ~^'~^^^^^-giiix)^i\-e^^)giiixy, 

[giiix) = i\.—^)hiiix) — ^^^hii{x), 

A ^ \gitix) = ^<^-*-^’^hiiix)-\-hiiix). 
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Consider now the solution 



where the path of integr ation is any straight line in the sector 
common to the half planes opposite and — tfi;* i. e., the 
sector argOi — nl 2 < arg / < arg<rs — n /2 if I ~ and 
arg oj — Zn 12 < arg t < arg rfi -\-nl 2 if X — 0. Consider 
first the case i = 1 (Fig. 19). The contour 1 j can obviously 
be deformed so that it consists of the straight line from oc 
to 0, the curve K, traversed in the negative direction, and 
the straight line from 0 back to sc . Hence 

(as) — — m (.r) — (.r) -j- m (x) , 

or 

(220) (1 — mi;./') <h (a) + (t) Unix) + A,g {x ) . 

Comparison of this with the second ecpiation in (218) for 
A = 1 shows that m{x) -- <712 (as). 


/ 

I 



Fig. 19. 

Instead of taking the path of integration in m{x) as the 
straight line from 0 to 00 , suppose we start from f — 0 in 
the half plane opposite Oj with argf near aig;o2+7r, make 

* Slight modification of the path is required if arg«is = arg<r, -|-2a, 
so that the two half planes do not overlap. 
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a negative circuit about 0, and then follow the straight line 
to Qo (see the dotted curve in Fig. 19). Calling the integral 
along this path m'{x), we see that 

m'{x) == — /Js(.r) + m(a;) = gM(x) — hxi{x), 

and comparison with the second equation in (219) for A — 1 
shows that m'{x) = /«u(a7). 



In the case A — - 0 (Fig. 20) the contour L can be moditied 
as before, and eq. (220) still holds. Comparison with the 
first equation in (219) for A 0 shows that m(x) ■■= 

If in m (x) we take for the path of integration a curve which 
starts from f — 0 in the half plane opposite ffg with arg t 
neai’ argffj — jt, makes a positive circuit about 0, and then 
follows the straight line to oo (see the dotted curve in Pig. 20), 
we obtain the solution 

m"{x) ~ hi{x)-\- m{x} — hii{x)-\- hii{x), 

and comparison with the second equation in (219) for A ~ 0 
shows that m'\x) — g^ix). 

These results give us definite integral expressions for all 
the principal solutions. In accordance with our previous 
usage, we will use the notation hi(x) and gs{x) for Au(») 
and gia (x) respectively. 

By means of eqs. (218) and (219) we can study the 
asymptotic forms of the principal solutions in the entire 
plane. We find by the usual methods that 
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Siijr), 


fh (^) ~ 




— JT < arg.r — ?r/2 ; 

— 71 12 < arg a rtl2 ; 

?r/2 < arga<7r; 

()< arga< jt/2; 
nl2 arga< 3 jt/2; 
3jr/2 < arg.x<' 2jt. 


As ill the case of one zero root (§ 1), the boundaries between 
the regions where the asymptotic forms are different are not 
straight lines, but transcendental curves. 

Analytic expressions for the intermediate solutions .y!i(.c) 
and ^'l 2 (a'j) can be obtained exactly as in the general case, 
namely 

V/u(x) j_.g2ri.r^'2W - I __ .'/l CO 


f/j'’ / ' (x) 


14 ’' 4 . ** 

^ X— 1 ^ 1.2(x— Dtx— 2) 


g2(l-A)7r/.r 

U'viiac) -- — 


1 


^27r/.r 


/.r (^0 



2X20^’ x 

f{x+\) L ^-+1 


rr2fx-f i)(x+2) 



These are analytic everywhere except for simple poles at all 
points congruent to x = 0 . 

K eq. (209) is reducible, it must have a pair of solutions 
which are represented asymptotically by either fx) or 8t (x), 
one in the sector 0<argx<2x and the other in thesector 
— 7r<argx<7T, and whose ratio is a periodic function of 
the form (75). Let the series be 8»{x)\ then one of the 
solutions must be /is(a:); let y(x) denote the other, which is 
exsymptotic to 8% (x) in the sector 0 <C arg .x < 2 x , Consider 
the periodic function p{x) = y(x)//<8(x); in a period strip 
sufficiently far to the left y(x) does not vanish, since it is 
asymptotic to /? 2 (x), and A*(x) has no poles, so p{x) does 
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not vanish; its numerator is therefore 1, i. e., m = 0 in (75). 
The denominator consequently has only one factor, since 
m—n — i*, and comparison of 82 (x) with (44) shows that 
(I = — 1. Along a ray parallel to the negative axis of 
imaginaries, if we take arg x near 37r/2 we have )'(a;)~*%(aj) 
and (x) ~ — e*"*® 82 (») ; hence lim p{x) — — 1 , so 

. T — >00 

A = 0 and 

^(x'\ = ^ via-) — 

The denominator of y{x) vanishes when x is an integer; 
since y{x)^ 82 {x) along the negative axis of reals, the 
numerator must also vanish at these points; but this is 
impossible, for if any solution of eq. (209) vanishes at two 
consecutive integers, we see directly from the equation that 
it must then vanish at all integers, and this is contradicted 
in the case of }h{x) by the fact that ht{x)^82{x) along 
the positive axis of reals. It follows that eq. (209) can 
have no solution which is asymptotic to 82 {x) in the sector 
0<argx'<27r. A similar argument shows that eq. (209) 
can have no solution which is asymptotic to 8i (x) in the 
sector — /r<argx<?r. Hence eq. (209) is never reducible. 
(The only exceptions to this statement are the trivial cases 
o '2 = 0 and (Tj =00 , in which eq. (209) reduces to one of 
the first order.) 

The difference equation satisfied by Bessel’s function 

JnLx) = (yj k\ Tin + k 4 -iy ’ 

regarded as a function of its order n, is of the type considered 
in this section; it has the form 

y(w + 2)— “(w4-l)j/(w+l) + 2/(u) = 0, 

00 

where n is the independent variable. Comparison with (209) 
shows that this is in the normal form with oi = 2 /a\ 
ffj = x/2. It has the solutions 

^^(w) == 2niJn{x), yi(w) = —2ni^‘^J-n{x). 
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S 3- The case et == ea- 

If in eq. (99) (u, ai, and Oo are all different from zero, 
but af— 4ao«s — 0, the two roots of the characteristic 
equation (101) are equal, but finite and different from zero. Let 
(> denote the common value of and namely ? = — 
and make the substitution 

hi a \ I i hi 

— /J + y+l, — e(a + ^ + 2y + l), 



eq. (99) takes the form 

(« + /« + /+ l)«/(.r + 2) 

— ^ (2 a: ^ 4“ 2 r 4* 1) // (a’ 4- 1) 

4-?® (a; 4- ;')»/(«) 

if we set a!;4-r •>'' 3nd »/(a.' — y) = /{x!), then /(a-) 

satisfies the equation 

(.-r + /S 4- 1 ) 2/ (a; 4- 2) — (» (2.T 4- « 4- 4- 1) 2/ (* + 1 ) 

(221) 

-^ (i^xyix) ^ 0, 

which we will take as our nonnal form for this case. 

If we substitute in eq. (221) a series in powers of \lx 
such as we have used in the previous cases, we find that it 
is in general impossible so to determine the constants that 
the equation is satisfied.* We are led therefore to try series 
of a different form; analogy with the anormal series for 
differential equations suggests the trial of a series in powers 
of ItYx, so we will set 

tj{x) e**' af^S + -y- 4- “ 4- H ) . 

* The case « = 0 is an exception; see the end of this section. 
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The expression e’’^Vx+ 2 -V^) jjujy ]jg expanded as follows: 



and similarly with otherwise no new difficulties 

appear, and we find that eq. (221) is satisfied formally by 
the two series 


(x) == X a T L + — ^ ‘ +•••), 

\ y X ^ ■' 

fill o' o'J \ 

Si (x) -■ (r^ cT^ X "a 1 (sj + —ry— + ' + • • • . 

\ V 'X I 


where 

!L - 4«H 24«/d — 12;d^ — 24« + 3 si _ _ s| 

48V^« ^ 


The series are uniquely determined, except for the constant 
factors Si and s*. _ 

Eq. (221) is unaltered when Kx is replaced hy —V x, so 
aS'i(x) must remain a formal solution after this change; and 
since the exponential factors go over into those of Si (x), the 
whole series must become identical with /S'g(x) (apart from 
a constant factor), on account of the uniqueness of the latter. 
This shows that 


s* 
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If we write the series in the fonn 

S''ix) 

(taking s the same in both), then S' (a) and S" (a;) ai‘e inter- 
changed when X makes a circuit about the origin. Thus 
they represent two determinations of a single series, rather 
than two distinct series. 

The two series are also interchanged if is replaced 
by The ambiguity due to this can be avoided by 

choosing a definite determination for We may assume 
without loss of generality that « is in the upper half plane, 
since if we set x — — x' — ^ — \ and y/( — a/ — /*+l) 
— gq (221) we obtain a new equation with 

exactly the same form except that « is replaced by — «. 
Accordingly we will take 0 < arg« < n, and firg ^ arg «. 

The coefficients in the series above contain « in their denomi- 
nators, so we will assume for the present that a 4 

If we set y{x) y\{x), y (a' -t- 1) = 2/s eq. (221) is 
replaced by the system 

)/i(a:-fl) = y^ix), 

(222) “■ 

I e(2a; + « + ^+l) . 

( + a;H- /J-fl 

which may be Avritten as a matrix equation 

(223) 
where 

i2(a:) 


F(a:-Hl) = R{x)Y{x), 

0 1 
Q^x p(2a;-f «-^-y54■l) 
■"ar + /» + l x + 


— « I •'^ ( Ka:) ^ ^ |s-f + ~ H ) ,• 


■ ( — |/"a:) ^ ^ 


s I s 

X 


12 
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Eq. (223) is satisfied formally by the matrix of series 
Six) — f^x 2 * 

Vx _|_ -I j e-2V« \ X _| j 

where «ii — si, sli = si, .si 2 = s-z, §12 — 4.> ® 2 i = t^Si, 
S 21 = ?(si+ S 22 = QS 2 , S 22 = q{s 2 — I/"«S 2 ),etc. The 
determinant of S{x) has the form 

\8{x)\ — Q^x-^-'^^d + ^ + ~^ + --^, 

where d — — 2\^ at etc. The inverse of Six) is 

£+1 

8~^ix) — Q~^X^ ^ 


where oii = — 1 / 2 V ^ « si, = 1 / 2 1 ^« qsu tfgi — 1/2 ss, 

0*22 1/21'^ ^ Q etc. 

Eq. (223) is satisfied formally by the infinite products (113), 
and by forming the products Hn ix) and On ix) as in the 
general case and letting »!.-*■ oo we can obtain two analytic 
solutions of the system (222). The first part of the proof 
requires only slight modification from that in § 4, Chap. Ill; 
thus eq. (116) is replaced by 


T-^ix)R-^ix)Tix-\-l) 

5C,2 


glVTVJ’ 


g-4V«Vx 
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and _we need to choose & ^ 5. If we write = ft, 
,,- 2 Va = the formulas become still more like those of 
the general case; by our choice of V n above we have 
Ii(Vce)>0, so |fti>|ftl. 



Fig. 21. 


The formula which corresponds to (117) requires investi- 
gation; the product to be considered is 


which may be written in the form 


(224) 


/i 

h It 

»g \58 -Js j 

ft 5t-t 

\?J \( 

^rl \« 

'<fl 



where — h — . Some 

of the subscripts j', d, . . ^ are 2, and the corresponding" 
factors are equal to 1 in absolute value, so we need to 
consider only the factors 


12* 
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these will be less than 1 in absolute value if the real part 
of the exponent of e is negative. 

It is necessary to consider carefully what determination 
of the radicals is to be used. Since r, s, tv are an 
increasing set of positive integers, the points x,x-^r, oj + s, 
• • • , 05 + w lie on a straight line parallel to the axis of reals, 
and the corresponding points li^ on a rectangular 

hyperbola in the first and third or second and fourth quadrants, 
according as x is in the upper or lower half plane. As the 
subscripts increase, the points Sj approach nearer and nearer 
to the _axis of reals. Let us take — arg x<n and 
arg V^x — ^ arg®; then ?_/ is in the first or fourth quadrant, 
and the real part of is positive, Avhile its imaginary 

part is negative or positive according as 05 is in the upper 
or lower half plane (cf. Fig. 21). Write t(-\-iv, 

since 0 ^ arg V a <71/2, we may write 

A a = a -\-ih (a > 0, ^ 0); 

then we have for the exponent of e: 

— — — ati-\-hv — i{bu-\- av ) . 

If X is in the upper half plane, ?;<0 and the real part of 
the exponent is negative, so all the factors in (224) after 
the first are less than 1 in absolute value. If x is in the 
lower half plane, t;>0, and the real part of the exponent 
is positive or negative according as vtu is greater or less 
than alh. If Ave draw a straight line from the origin in the 
fourth quadrant making the angle tan“^(fl/&) with the positive 
axis of reals, it will cut the hyperbola at the point where 
vtu — alh] when \^x lies to the right of this line all the 
factors in (224) after the first will be less than 1 in absolute 
value. Hence when x is in the upper half plane or in the 
lower half plane to the right of the straight line joining the 
origin to the point — a (which makes the angle n — ai^a 
== 2tan~*(a/6) with the positive axis of reals), we have 
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The second inequality here follows from the fact that 

^ 

where the real part of the exponent of e is negative or zero. 

The rest of the argument is essentially the same as in 
the general case; the part of the lower half plane to the 
left of the line from 0 through — « can be treated like the 
portion of the plane not in the region D of fig. 1. The elements 
of the second column of converge uniformly as tt->oo 

to limit functions ha (x) which are analytic everywhere 

in the plane except for poles at a; — 0, — 1, — 2, • ■ • , which 
form a solution of the system (222), and which aie represented 
asymptotically by sig (x), (x) in the sector arg a —n 

<argx‘<7r. The determinant |^r„(a5)| converges uniformly 
to the limit function 


which is analytic except for poles at a-; = 0, — 1, — 2, • ••, 
and is represented asymptotically by ;5'(a:)| in the sector 


— 7i<C arg x<Cn, 

Similarly, startii^ with the product Gnix) [eq. (114)], and 
taking 0 ^ arg V^a; < tt, we find that the elements of the first 
column converge uniformly to limit functions yn (*),</« («) 


which are analytic except for poles at x — — jS, 1 — fi, 
2 — •••, which form a solution of (222), and which are 
represented asymptotically by su (»), (a.) in the sector 

0 < arg a; < aig a + The determinant | Gnix) | converges 

uniformly to the limit function 


Dix) = 




rjx) 

/'te + /8 + l) ’ 


which is analytic except for poles at » == — 1 — fi,2 — /S,-”, 
and is represented asymptotically hy j)8'(a:)| in the sector 

0<arga:<27r. 

If we use the other determination of l^x, V a + r, etc., 
so that I; is in the second or third quadrant, then the elements 
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of the first coliimn of Hn{x) converge to limit functions 
which are represented asymptotically by sn (x), Sn (x) in the 
sector arg « — 7r< arga;<n:. Since, however, the senes 
«n (®)> (®) in^terchanged with si* {x), sgg (») when is 

replaced by —Vx, the solution obtained in this way has 
the same properties aS Aig (a), Agg(a;). Similar remarks apply 
to Gnix). 

No important changes are required if we allow « to be in 
the lower half plane instead of the upper. The roles of the 
upper and lower half planes are merely interchanged; e. g., 
Aig(a;)~sig(a;) in the sector — ;r<arg*<arg« + 7T in this 
case (arg « being taken between 0 and — tt). 

It appears to be impossible to extend to the case == ^g 
with any completeness the proofs of the existence of in- 
termediate and principal solutions such as we had in the 
previous cases. While some results in this direction can be 
obtained, they are so fragmentary that we will not take them 
up, but pass on to the integral and series solutions of eq. (221).* 

Applying the Laplace transformation (138), we find that 
eq. (221) is satisfied by the integral 

(*b 

y(x) = dt, 

provided the limits are so chosen that 

r -ift 

[<="(« ~ == 0. 

This expression vanishes at f = 0 if ii(a:)>0; at ^ = oo 
if /d-f 1 )<0; and at t == Q, provided t-^q in such 

a way that B{aq/{t—q))-* — co ; if we draw a line through 
t = q perpendicular to the line joining q to (« -f l)p, t must 
approach q on the side of this line opposite to (« + !)?• 

Taking the limits 0, 9, we obtain the solution 

* Cf. a forthcoming paper by C. B. Adams: On the Irregular Cases of the 
Linear Ordinary Difference Equation, in Trans. Amer. Math. Soc., probably 
vol. 30 (1928). 
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which is valid if J8(a:)>0. If ai’g«<n^/2, we can take 
the path of integration as the straight line from 0 to g 

(Pig. 22); otherwise we will let 

/ '*’ it follow the straight line to 
a point near and then make 
a partial positive circuit about q, 

/ 

(a+i)Q / / 


aiu a / 

0 


Fig. 22. 


Fig. 2!]. 


ending there in the half plane opposite (« + !)(> (Fig. 23). 
On the rectilinear part of the path we will take arg t — - arg (> 
and arg (t—Q) — arg(»H-?r. 

If we take for the path of integration a loop X starting 
and ending at f = (> in the half plane opposite (« 4- 1 ) (f 
and passing around < = 0 in the positive direction, we have 
if Ji(x)>0 

(> J!±. 

(225) {t — e)M e d t = ((^“ — 1) (r) . 

Since this integral is analytic for all values of x, we may 
use (225) as the definition of h{x) when R{x) <0. We 
see that h{x) has simple poles at a; — 0, — 1, — 2, • • •. 

If we set t qt, li{x) takes the form 

(226) h{x) — ( — e dt . 
Taking the limits oo , we have the solution 

re 

g{x) = J F~^(t — dt, 
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which is valid if jB(a; + /*) < 1* If arg a > nl2, we can take 
for the path of integration the prolongation of the ray from 
0 to Q (Fig. 23); otherwise we will let it follow this line to 
a point near q, then make a partial negative circuit about q, 
ending there in the half plane opposite (« + 1)9 (Fig. 22). 
On the straight line we will take arg t = arg {t — q) == arg q. 

If we take for the path of integration a loop A which 
starts and ends at f ? in the half plane opposite (« + 1) 9 
and passes around # = oo in the positive direction (i. e., around 
^ = 0 in the negative direction), we have if JB(« + /4)<1 

(* “C 

(227) . F-i e d t i) g (x) . 

OA 

Since this integral is analytic for all values of x, we may 
use (227) as the definition of ff(x) when E(x-{- /S) > 1. We 
see that gix) has simple poles at « — 1 — /3, 2 — 3 — /S, • • •. 

If we set t — q/t, and introduce the factor e“ into the 
integrand, we have 

X I “ 

e df . 

If we take for the path of integration a curve K which 
starts at f — p in the half plane opposite (a + l)9, makes 
a small positive circuit about q, and returns in the same 
half plane, we obtain the solution 

I {x) — {t — e At. 

We wiU take arg t near arg q, and arg {t — q) between 
arg(«9) — n and arg(«^)4-7r. 

If we set f = p(l — at), or t — q = — ttqT = e^‘ccqv, 

I {x) — ( — cty gx+fi-i (1 — « t )®~^ e ^ dr, 

where K' is a curve similar to K about t — 0 (cf. Fig. 4), 
and argv has valuea between — 27t and 0. Let be small 
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enough SO that |arj<l at all points on K'-, then we can 
expand the second factor of the integrand by the binomial 
theorem and integrate term by term by means of (72): 

l{x) = 

_ - ? Ifc. 2) f _ 2 )% . . . j 


i ,1 g.r+^~l r{—j 3 ) 


r, I (rf — 1)« 

L ^ 1 •(/+ !) 


/’(/S + DL ^ i- 


_1_ (a: — l) (a- — 2 )k‘‘ 1 

(x — 1 )« 

r.(^^TT) 

(:c-l)(*-2)«* 1 

1.2(^+l)0J + 2) ^”1* 


This solution may also be Avritten in the form 


2„i ai^ f 1 + 


jx - f- 0) (,* + 

■ i;2'(7+i) 


I 1 


These series converge for all values of x, «, and 0 except 
when /S is a negative integer, in which case the solution is, 
however, analytic. We see that l{x) is an entire function. 
Taking the limits 0, oo, we obtain the solution 

m(x) — — (>)^~^ e*~^ dt, 

which is valid if R{x)'>0 and The path of 

integration we can take as any ray from 0 to oc, except 
the one through t = q-, in particular, we can take the ray 
through — Q. Let argf have a value between arge and 
argp — 27r, and let arg(# — q) be between argp and argp + 2nr. 
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If we set f = — ?t/(1 — t) 
we have 

m{x) ^ e-“ (e-^* ?)* (e^» qf'^ (1 — ef^’ dt 

~ _ ^+^-1 (1 — 

x|l + «^+— ^"1 

= _e-«e’ri(/«-®)^’'+/*-i[J5(x, 1— a;:— /*) 

-\-ceB{x-\-l,l — X — 

[ X cc 

1 + 

»(« + !)“* 

1.2(l-/«)(2— >«) 




If we leave the factor e~“ in the integrand, we get the 
solution in the form 


(230) 

X 


m(x) = — B{x, I— x — ^) 

ix + /l-l)a (»+/8-l)(a:+/J-2)«* 

1 •(! — /») 1.2( i — /«)(2 — /«) 



The series in brackets in (229) and (230) converge for all 
values of x, «, and $ except when /S is a positive integer, 
in which case the solution is, however, analytic. We may 
use (229) or (230) as the definition of m{x} when the integral 
is not valid. We see that m{x) has poles at a; = 0, — 1, 
— 2, ••• and at x = 1 — 2 — 3 — •••. 

We can express H^x) and g{x) by means of partial fraction 
series, as in the general case. Let h be any point on the 
straight line segment joining 0 to p, and integrate over the 
contour consisting of the segment 06, a loop h about q, 
traversed in the positive direction, and the segment 60, 
starting with argf = argp and arg(f— p) = argp + 7i. If 
i?( 3 :)> 0 , the integral over this contour is equal to (1 — ^^hh{x) 
-{- c*^/*Z(a!); hence . 
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■t 

(1 — h{x) -{■ Hx) 

The last integral is an entire function, which we may com- 
bine with — and write E{x). Hence if 

is not an integer 

pb .«?. 

h{x) = E{x)-^j^ (;* " (It . 

Introducing the factor e“ into the integi’and and expanding 
in powers of t, we have 

h(x) — E(x) i 


(« + /*)*— 4a- 

-3/8 + 2 

1 2q^ 

« + <8— 

Q 

(«-f/J)*-4a- 

-3/8 + 2 

2q^ 



\dt 


I 1) 

a:;+ 1 

x + 2 


■•]• 


As in the general case, this series converges uniformly in 
the neighborhood of every point except x — 0, — 1, — 2, •••, 
and hence represents h{x) even when B{x) <0. 

Similarly, if we let c be any point on the straight line 
^ CO and integrate over the contour consisting of the line co c, 
a loop 1c about q, traversed in tlie positive direction, and 
the line coo, starting with argi — arg(<— p) == argg, w^e 
find that if is not an integer 


gix) = E'{x) + (f^+^- 


'-■{ 


1 (« --/?+ l )g 

x -\-^ — 1 c{x-\- — 2) 


+ 2?FfT-3) 


where E'{x) is an entire function. This series converges 
uniformly in the neighborhood of every point except x — 1 — /3, 
2— /«, 3-^,.... 
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• 

To obtain the relations between the solutions }i{x),g{x), 
l{x), and mix), let us integrate over the (torAaw ABCDEFA 
of Fig. 24, starting with argf = argg and arg(f — e) 
= arg^ letting the radii of the arcs BC and AF approach 
zero and that of DE increase indefinitely, we have in the 
limit 

(231) h («) — g{x) — m(x’) = 0. 



Let us now integrate over the contour ABCDEFOHIttA 
of Fig. 25, taking arg< = arg(i — p) = argp — ti on AB., 



letting the radii of the arcs BC and OH approach zero and 
that of LTA increase indefinitely, and letting the points D 
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and F approach p in the half plane opposite (a + l)p, we 
have in the limit 

— g— 2!r»i3 jji (aj) _|_ (aj) _{_ I (a;) — (a;) 

or, if we multiply by and combine tei'ms, 

(232) (1 — h{x) = — Ka) + (1 — c;2»r/(.';+/i)) . 

Eliminating h{a) from (231) and (232), we have 

(233) (1 - 6-2^0 (x) ^ - I (.t) + (1 - r’'«) m (x) . 

Equations (232) and (233) give us the expressions for h 0») 
and g{x) in terms of l{x) and m{x), provided is not an 
integer. If is an integer, the solutions / (a) and Mi(,r) are 
linearly dependent; we have namely in this case 

I (x) = (t — m (x) . 

Analogy with the previous cases suggests that the solutions 
h(x) nM <f{x) are equal to his{x) and //u(a;) respectively. 
To prove that this is true we will use a method similar to 
that employed in § 2, Chap. II to identify /’(•*) with its 
integral expression. 

From the asymptotic forms of (jnix) and hu(x) we have 
for large values of x in the upper half plane 

_ _i 

gn (x) = X * 2 [s, -f {x)] , 

(234) I 

hM = « * X 2 [s2 4-ei,(x)], 

where Urn sj{x) ~ 0 (j = 1,2). We may write 

a ? ->00 

h{x) = p(x)5fu(x)-t-g(x)j^i2(x), 

where p(x) and q(x) are periodic functions. Let us take 
arga<7r/2; then the path of integration in (226) is the 
axis of reals from 0 to 1. Let x^oo along a line parallel 
+n +Ko nnaitivp avis of reals and far above it: the integrand 
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in (226) approaches zero, on account of the factor but 
g 2 V« Vx increases exponentially; hence j9(a:)->-0, i. e., 29(a;) == 0. 

Let us investigate the absolute value of the integral in 
(226), taking (a:) >1. Since the length of the interval is 1, 
the absolute value of the integral is less than the maximum ab- 
solute value of the integrand. Since the integrand vanishes at 
both ends of the interval, it has its maximum value at some 
interior point. Let a, h denote the real parts of x, a, 
respectively; then the absolute value of the integrand is 

— ft 

1 Q — r)*—^ e . 


Equating the derivative of this to zero, we obtain the algebraic 
equation 

{u-\-h — 2) — {2u-\-a-\-b — 3) !■ + u — 1 = 0, 

and if u>2 — h the root between 0 and 1 is 


^ Ti \l 

1 4(m— 1)(m + & — 2) ] 

2iu + b—2) L r 

(2m + « + &-3)* J 


K a , a — ^4- 1 I 
u 2 m 


If we use just the first two terms of this, and replace a and u 
by « and x, we have an approximation which is close for 
large values of x. Hence the absolute value of the integrand 
(and so of the integral) is less than 



where Jf is a suitably chosen constant. We may write 
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hence for sufficiently large values of x in the right half plane 


fn _ ^ 1 

1 ? 

^.r-i (1 _ e 1-T at\<K' 



where K' is a constant. Moreover, since we are taking a 
in the first quadrant, the second equation in (234) holds 
throughout the fourth quadrant, so we have 




i. 

2 


Sil 


-2i'« 1 .r 


for sufficiently large values of x in the right half plane. 

Consider now the periodic function q{x) — h{x)lhii{x)\ both 
h{x) and huiai) are single-valued and analytic in the right 
half plane, and /qs (x) does not vanish for large values of x 
there, as we see from (234); hence if we take a period strip 
far enough to the right, q(x) is single-valued and analytic 
throughout the finite part of it. The inequalities above show 
that at the ends of the strip 


lq(x)! 


y» 4 


where £" is a constant. Writing q(x) = Q(^), where z = 
we see that 





log 2 ■* 
2n'i 


hence is analytic at 0 and vanishes there; similarly, 
Q(z)/z is analytic and vanishes at = oo . Accordingly Q(«) 
has no pole in the entire ^'-plane, so it must be a constant. 

This proves that h (x) differs from hs («) only by a constant 
factor, and by giving the proper value to s* we can write 
h{x) — hiaix). Both sides of this equation are analytic 
functions of « as well as of x, so the result holds when « 
is not restricted to the first quadrant. A similar investigation 
of the integral in (228) shows that if the proper value is 
given to «i, gix) — gn(x)’ 

This identification of h(x) and g{x) with haix) mAgn{x) 
shows that h(x)'^8iix) in the sector arg a— 7i<aj^aj<7r 
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and g (a?) ~ 8i (x) in the sector 0 < arg £c < arg « + tt.* Since 
these sectors both include the upper half plane, we can 
obtain the asymptotic forms of l(x) and m{x) there. 

By eqs. (231) and (233), 

l{x) = - (1 — gix); 


hence in the upper half plane 

f (*) ~ -Sg (•■») — 6’i(®)- 


The dominant term depend^ on the factors “ * * , 

or on the exponents — 4l^a l^x,0. If we write 4 V~tt — a-\-ih 
(a>0, & ^ 0) and x —■ u-j-iv (m >0, w> 0), the real 
part of the first exponent is -au-i-bv, this is positive if 
v/u>alb, or arg x>n — 3iVgot, and negative if v/u<a/b, 
or arg x<.n — arg « ; hence 


Z (a;)~ 


1-Sg(aj), 


0 < arg x<n — arg «, 
n — arg a < arg x<CTr. 


By eq. (231), 

m (a?) ~ Sg {x) — Si (x) 


in the upper half plane. The exponents are the same as 
for l{x), so 

j — Si (x) , 0 < arg X < 71 — arg « , 

w (x) ~ I ^ ^ ^ ^ ^ 


If a 4 0, eq. (221) is never reducible, for if it had a solution 
in common with an equation of the form (38), this would be 
represented asymptotically by a series of the form (44), which 
would be formally a solution of eq. (221); but eq. (221) 
is not satisfied by any series of this form. 

If a — 0, as noted at the beginning of this section, the 
series <S)(x) and Ssix) break down, but eq. (221) is satisfied 
by two series of the same form as in the general case, namely 

* For another method of obtaining the asymptotic forms of the integral 
aojutions of eq. (221), which is too long and complicated to be given here, 
but 'Which leads to more extensive results, see a paper by Galbrun, Bull. 
Soc. Math. de France, 49 (1921), pp. 206-241, 
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S'(x) ~ ^s'l, 

«" w = 

where s'l and s^are arbitrary constants; all the coefficients 
in 8'(x) vanish except the first. 

One analytic solution is obviously two others are 
obtained if we set « — 0 in eqs. (226) and (228), namely 

h'(x) - ( e)'*-ie®J^V“i(l -r)/»-i dt - (--?)/*-! B{it, $) , 

^'(a:) == T“*“/^(l — r)/*~’ Jr= 

these differ only by a periodic factor; 

J 

If we take si = ( — q)^~^ then // (a) ~ (Sf''(x) in the 

sector — TT < argx' < TT, and /(a) ~ iS^"(x') in the sector 
0<arga5<2;r. 

Since h'{x), and g'ix) all satisfy equations of the 
form (38), eq. (221) is reducible. Hence a necessary and 
sufficient condition that eq. (221) be reducible is that « — 0. 


S 4 . The case = 0 . 

If in eq. (99) Oi = a© = 0, but a* + 0, both roots of the 
characteristic equation (101) are zero. This case presents 
even greater difficulties than the previous one, and the results 
obtained in the present section are far from complete. 

If we set 



y+2, 



eq. (99) takes the form 


(aJ + y + 2)y(a:4-2)— ay(aj + l)— = 0 ; 
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if we write x-j-y = x', y(x' — y) — /(pc'), then f{x) satisfies 
the equation 

(235) {x-\-2)y{x-^2) — ay{x-\-l) — ay{x) — 0, 


which we will take as our normal form. "We may assume 
that a and a are both different from zero, since otherwise 
the equation is equivalent to one of the first order. 

We find by trial that if we substitute for yix) a series 
of the form 


oT' of (s 4" - — [■•••)) 

V X * / 


the constants can be so chosen that eq. (235) is formally 


satisfied; 

we 

obtain in this way the 

t two 

series 



1 

1 1 


f 

It 

'8i (x) = 

a: 2 

^ aY gl'"" X ^ 

|si+- 

Si , 

-!l + 

X 


1 

1 uVUc 

1 

f 

It 

S,{x) = 

X ^ 


2 |ss- 

f '-4 
^Vx ' 

— L- 
X 

where 







A 

S2 

~ 2i<s Va ’ Ss 

= — 

— , etc. 

Si 



The series are uniquely determined except for the constant 
factors Si and . As in § 3, 


M 


o(fe) 


. (v^) 


the series in 

the form 



.oc+l 1 “Vi" 

/ c! o" 

\ 


.\ pY W 

I- 1 ® 1 ® 1 

1 


"1 e 6 

\ rx « ^ 

7' 

* 
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it is clear that they are interchanged with each other whea 
X makes a circuit about the origin. _ 

The two series are also interchanged if is replaced 
by — Y a. For definiteness let us take 

Ci^ U 1 Of* 

-7r<arg~~- <: ;r, arg-j^ - y arg-^; 


71 ^ a ^ n T> / \ A 

Setting y{x) — yiix), y{x-\-\) — yi{x), we obtain the 
system 

;?/,(,* +1) = ijiix), 

2/s! (a; + 1 ) 2/t (x) + tji (x) , 

which may be written as a matrix equation 
(237) 1) == i2(a?) r(a;), 

where 


O' a 

T2 ^+2 


Eq. (237) is satisfied formally by the matrix of series 

_JL, 2.^ __2. 

8{x) — X ^ X 

ix\[x 

(^iiH ) ( — V <yy e (5i8 4 ) 

aV^ 

(sn + '-O i-V^fe (.5m + ---) 


where sn — Si, su = si, S 21 = 0, S 21 = «i> s'-n = V ft s'l 

-f aSll 2 ,_ S12 = 8 i, 512 = S2, S22 =0, Si, »22 

= —Vo Si-\-ttSil2, The determinant of 8{x) is 

I5'(a:)] = x-=^{~<syeFx * + + )’ 
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'Where d — — 2KtfsiSg, etc., and the inverse matrix is 


JL _1 



(kY X 

(l/o)“*e ^ (o'u4--0 



aVx 

(— l/tf )”® e (Ogi 4-. • .) 

(-Ktf)~*el^ (0*8-1-...) 


where 0, <Su = l/2si, ^ = 0, ffn = l/2ss, 012 

;=l/2V^(rsi, tTga = — l/2K<rsj, etc. 

The work of obtaining analytic solutions of the system ( 236 ) 
from the matrix products IIn(x) and On{x) is practically 
identical with that in § 3 ; in the formulas is replaced 

2«ya ? 

py ( — 1)*6 » hut this does not necessitate any change 

(K __ U 

in the argument. If we write e * — pa, the 

product corresponding to ( 224 ) has exactly the same form, 
and can be treated in the same manner. We find that if 
we take — 7r/2<arg K£c<7r/2 the elements of the second 
column of Hn{x) converge uniformly in the neighborhood of 
every finite point in the plane to analytic functions hi 2 (»;), 
which form a solution of ( 236 ), and which are re- 
presented asymptotically by sigia;), sggCa;) in the sector arg a^ja 
— 7r<arga:<^ if a‘/a is in the upper half plane, and in 
the sector — tt < arg x < arg a*/ff w if a^/er is in the lower 
half plane; the determinant of Snix) converges uniformly to 
the limit function 

Dix) = 

which is analytic throughout the finite part of the plane 
and is represented asymptotically by ) Six) | in the sector 
— If we use the other determination of 
V"ic, the elements of the first column of Hnix) convolve to 
an analytic solution. Similarly, if we tahe 0<argK»<jr, 
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the elements of the first column of Qn{x) convei^e uniformly 
to limit functions git{x\ yjiCx) analytic except for poles at 
X — — 1, 0, 1, 2, • • which form a solution of (236), and 
which are represented asymptotically by sai(x) in the 

sector 0<a.rgx<&rga‘la^n if a*/ a is in the upper half 
plane, and in the sector arg«Vtf+ if «*/ff 
is in the lower half plane. The determinant of Gn (x) converges 
uniformly to the limit function 

D{x) -- — 2 1^2 n(f S[ Si — — — , 

r{x-\-2) 

which is analytic except for poles at x ~ — 1, 0, 1, 2, • • •, 
and is represented asymptotically by \S{x)\ in the sector 
0 < arg a; < 2 71. 

Applying the Laplace transformation, we find that eq. (235) 
is satisfied by the integral 

y{x) = dt, 


provided the limits are so chosen that 




0 . 


This expression vanishes at t = qo if M(x)<i — 2, and at 
t — 0, provided in such a way that R{ult-\-(fl2t*') 
— 00 ; this is the case if f-^0 in either of the sectors 

1 371 , ^ , 1 n 

-- arg (T - arg f c. ^ arg a - ^ , 

1 I ^ ' 1 1 

2 argff+ -carg<< ^ argff + -4- , 


i. e., in the quadrant containing —iV a or i Ktf in Fig, 26. 

Taking for the path of integration a lo(^ Ji which starts 
at i = 0 in the quadrant containing tV a, passes through 
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the quadrant containing 
Ya in the negative direc- 
tion, and returns to 0 in 
the quadrant containing 
— i Ya, we obtain the 
solution 

J , « jr 

e2f" dt. 

<•1 

We will let arg< have 
values between \ arg <r 
-f nl2 and | arg o' — nl2. 
If we set 



where *' = aY2l Y — 0 ; K is a curve like that in Fig. 4 
(p. 53), and argv has values between 0 and — 27r. Expanding 
the second factor of the integrand and integi-ating term by 
term, we have 
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If we write x = ix' lV^2 — ulV<s, /t(.r) can be put in the 
form 

*(») = -2"(— I)' {r(-f)[l+-2i*+ 5--'^(»— 2) 

4- (a? — 2) (x- — 4) 4 1 

(238) j -■ 


These series converge for all values of x‘, u, and a; tlie 
solution h{x) is an entire function. 

Taking similarly a loop Jg which starts at < = 0 in the 
quadrant containing — », passes in the negative direction 
through the quadrant containing — V a, and returns to 0 in 
the quadrant containing iVo, we obtain the solution 

/i' fx) == ( 1^^' (It. 

We will let argf have values between \vxg(t-\-'inl2 and 
^argo'+7i/2. Setting 



Expanding the second factor of the integrand and integrating, 
we have 


X 
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(239) 






i+ir’’ 


+ -^x{x~2) + 


■■•] 


+.y'2r(i-|-)[«+i(s,-i) 

3) "I- • ■ ■1|- 


Instead of the loop Ji or Jg we can use a curve Ki which 
begins at < = 0 in the quadrant containing — iV'o, makes 
a complete negative circuit about t — 0, and returns to 0, 
starting with arg t near ^ arg ff + 3 nl2. Ki is obviously 
equivalent to Jg followed by Jl, so we have for the solution 
l{x) obtained in this way 

(240) l{x) = ;i(,T) + //(«). 


Similarly, if we use a curve which begins and ends at 
< = 0 in the quadrant containing i a, making a negative 
circuit about f == 0, and start with arg t near ^ arg a -\-7t 12, 
we obtain the solution 

(241) I' {x) = h'(x). 


Both l(x) and l'{x) are entire functions. 

Another solution is obtained if we take for the path of 
integration a straight line from 0 to oo in the quadrant con- 
taining * (in particular, we may take the line through iV^ a)-, 
this gives 

CIO SL JL 

ff(x) — e* e^*‘ dt, 


in which we will let arg t have a value between 4 arg ff-f nl4: 
and I arg ff 3 7r/4. The integral is valid if iJ(a;)<0. If 
we set 
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then 


g(x) = 



e*'* ^ e~^rfr, 


where arg r has a value between nl2 and — n/2. Expanding 
the second factor of the integrand and integrating, we have 


.T 



Taking similarly a straight line from 0 to oc in the quadrant 
containing — ■iV'ft, we obtain the solution 

X oo « ^ 

p-1 f/t flf^ 

which is valid for Eix)<Q-, we will let arg< have a value 
between ^argff— 37r/4 and ^argof — nlA. If we set 


then 





X 

where argr has a value between 7r/2 and — nl2. Expanding 
and integrating, we have 
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Eqs. (242) and (243) may be used to define (j{x) and g'{x) 
when i2(a;) > 0; we see that both solutions have simple 
poles at a: = 0, 1, 2, • • •. 



Fig. 27. 

We have already expressed Z(a;) and i'(£c) in terms of A (») 
and h'{x) [eqs. (240), (241)]. To obtain the relations between 
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the other integral solutions, let us integrate over the contour 
ABODE A of Fig. 27, starting with arg t near ^ arg tf — n/2. 
If i2(x)<0 we can let the radius of the arc if f ’D increase 
indefinitely; we may also let A and E approach 0 in tlie 
sectors containing — jiKc and respectively; then we 
have in the limit 

A- hi-r) = 0 , 

or 

(244) A(.r) — .(7(.v)— 

Similarly, if we integrate over the contour FOHIJF, 
starting with arg ^ near J arg o' — n/2, we find that 

//'(.r) — It' ( t) — 0, 

or 

(245) Ii'U') — flr (a;) + 

Since both sides of (244) and (245) are analytic function.s 
of X, we can drop the restriction li{x)<0. 

Solving these relations for ff{x) and //'(./'), Ave have 

h(x) A- It ' (x) . __ 

.vW j ^,uj:ir ’ y W 

Another set of integral and series solutions of eq, (235) 
can be obtained by the same method as in § 1. If we set 
y{x) == e{x)/r(xA- i) or z(x)/r(x A- 1), eq. (235) becomes 

(246) 2;C« + 2) — a£'(5e+ 1) — ^(a:-!- 1)2'(*) = 0. 

The Laplace transformation applied to this yields the solution 



provided the limits are so chosen that 
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[pflgff 2ffJ 


b 

a 



This expression vanishes at t — 0 if E(x)> — 1, and at 
t = 00 , provided oo in such a way that E{c(tla — i*/2o') 
oo; this is the case if t-^cc in either of the quadrants 

y arg <r — j < arg < < y arg ff + j , 

1 ,371. / 1 

j arg a + --- < arg « < j arg ff + - ^ - , 


i. e., in the quadrants containing o or — v (f. 



Taking for the path of in- 
tegration a line Jl which starts 
at i = Qo in the quadrant con- 
taining — Kff, crosses that 
containing iV^o, and returns 
to 00 in that containing 
(Fig, 28), we obtain the solution 

^tix) = Pe " e 20 (It. 

We will let arg t have values 
between ^ arg <y-|- 7r and ^ arg tf . 
If we set t — 2tf/r, 


2l(») = 



3 V2jf I 

e V7 e ^ dt, 


where JST is a curve of the same shape as before, traversed 
in the negative direction, and argr has values between 0 
and — 2n. Expanding the second factor of the integrand 
and integrating, we have 



+ y)-l-K2xr 

, 2** jt/» 


(f+ 

fr(f+|)+...] 
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= |(2.)"?'|r(|- + i)[i + |i(.r+i) 

+ g j {■'’ 4* 2) (^‘ 4- 4) 4- • • ‘]| • 

These series converge for all values of ;r, a, and <f- 

Taking for the path of integration a line Ja similar to Jj 
hut crossing the quadrant containing — » in the reverse 
direction, we obtain the solution 

^ at i‘ 

here we will let arg t have values between 4arg a and 
I arg tf — Tt. If we set 


then 



= y + y) [l 4- 4* D 

4-|rC*+i)(^4-3)4- •••] 
4- 1/2 ^(•f■4- 1) [*4- yr (a- 4- 2) 

4--^(*^+2)(^4-4)4 ---|. 
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Instead of the lines Jl and Ji, we can use loops Li and i* 
whicl^ start and end at f = oc in the quadrants containing 
— V<f and respectively and pass around f — 0 in the 
negative direction ; these yield the solutions Zx {x) 4 - z^ (x) and 

Zl (x) + ^^Zi (x). 

If we integrate along a straight line from 0 to oo in the 
sector containing V^tr, we obtain the solution 



valid for R{x)> — 1 ; we will let arg t have a yuliw between 
^ arg O' — 7r/4 and ^ arg o + Setting t— 1/^2 or , we have 


1 '“"±1 /JOO 

y(2<r) 2 f 

(2 arr [r + i-) + K2 r(^ + 1 


+ ¥-(f + l) + 


i-(2cr) ^ r M 1 + — (x + 1) 


+ ( 3 ^ + 1) (x 4- 3) -f 


+ ^"2Wf + l 


I (x 4" 3) 4 • • • j 
[’' + -|7(a; + 2) 
)(x4-4)+ •• .j|. 


+ 5T 4 2) (x 4- 4 ) 4 


Integrating similarly along a line from 0 to 00 in the 
sector containing — we have the solution 


=i 


lOO t* 


in which we will let arg i have a value between 4argff4 3vr/4 
and 4 arg ‘^4 5 ^/ 4 . If we set 
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t = — K2<rr == , 


1 ^OC £ 1 _ 

gTTir (2 O') 2 2 2 

ie«-M2<rp“[r(|- + | 


V2Hr 


-e’f«(2<r) 2 


+ -^r 

T- 


'2+i)[ 


'■(f+'l 

D+..J 


1 + -- j- + 1 ) 


+ j (•'■ ~'r 1 ) ('^ + 3) + ' 


+^-(f+‘)h3T<= 


(a: + 2) 


+ |-j(^ + 2)(,r + 4) + ...J|. 

By dividing these solutions of eq. (246) by r{a; + 1) or 
r{x + 1), we obtain solutions of eq. (235). If we write 

ft (x) = 1 + + 1) + (x + 1) (.X + 3) ^ , 

fi{x) — x + -^(x4-2) + -^(® + 2)(a';4-4)H , 

these solutions may be taken as 

e(*) „ ^£iM_ = 
r(a + i) 

.T+l 

!X+1 

‘Tnl+i) 
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nx-\-i) 

a?4*l 


Kl +|)/.w+V2f (|-+i)/.w], 


S'(X) 


2r(x-\-i) 

Ziix) 


r(x+i) 

£P+1 


2?!^ [- ^ ( f + i) ^ j ■ 


B C / H 



0{x) and G'{c^ have poles at 
cc = 0, 1, 2, 3, • • •, while H(x) 
and H' (a?) are entire functions. 

To obtain the relations between 
these four solutions, let us inte- 
grate over the contour ABCZ)£'J''!A 
of Fig. 29, starting with arg t near 
^argo-frt. If i2(a;) >0 we can 
let the radius of the arc DE 
approach 0; we can also let the 
points B, C, A, and F move off 
indefinitely far; then we have 
in the limit 

Zx{o^ — (a?) 4- (®) = 0. 

Integrating similarly over the 
contour OHIJKLO, starting 
with argf near larger — tt, we 
have 

— Haix) — Zi(x) — 0 . 


These relations are identities between analytic functions, so 
we can drop the restriction .8(05) > 0 . 

From these equations follow the relations 




axx) 


iTOr) 


1 -i- 






1 — e" 
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We have now considered all the irregular cases of the 
hypergeometric difference equation, though it will he seen 
that much remains to be done in the way of coordinating 
the results of the present section into a systematic theory 
of the case where both roots of the characteristic equation 
are zero. 

The student who desires to go further is now in a position 
to read the original memoirs on the theory of linear difference 
equations. The general theory of systems of n linear homo- 
geneous difference equations of the first order, based on the 
matrix method used in Chapters III and IV, is contained in 
a paper by Birkhoffi (General Theory of Linear Difference 
Equations, Trans. Amer. Math. Soc. 12 (1911), pp. 243-284). 
The corresponding theory for a single equation of the «th 
order was worked out by Carmichael (On the Solutions of 
Linear Homogeneous Difference Equations, Amer. Journ. 
Math. 38 (1916), pp. 185-220). A treatment of non-homo- 
geneous equations by Birkhoff’s methods has been given by 
Williams (The Solutions of Non-homogeneous Linear Difference 
Equations and their Asymptotic Form, Trans. Amer. Math. 
Soc. 14 (1913), pp. 209-240). On the other hand, fundamental 
use of the Laplace transformation is made by NOrlund, who 
bases his study of difference equations primarily on the 
properties of the differential equations into which they are 
transformed (Sur les Equations lineaires aux differences flnies 
S, coefficients rationnels, Acta Math. 40 (1915), pp. 191-249). 
In a recent book (Vorlesungen fiber Differenzenrechnung, 
Berlin, 1924) NOrlund has summarized the results of numei'ous 
investigators who have dealt with problems more or less 
closely connected with linear difference equations, with full 
references to the sources. 










